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"PREFACE -

’ Mathematics is fascinating to many persons because of 1its

utility and because it presents opportunities to create and dis-

cover. It 1is continuously and rapidly growing because of intel-
‘ ! .

lectual curiosity, practical applications and the invention of

new ideas.

4
°

: ¢ .
. The many changes which have taken place in the mathematics
ueurriculum of the Junior and senior High schools have resulted
1n an atmosphere in which mathematics has found acceptance in

the public mind as never before. The effect of the changes ﬁas
begun to influence the elementary school curriculum in mathe-
matics as well., It is generally accepted thatL%he present arith—
metic program in grades 1~6 will be substantially changed in the

) 4
-next five years. P _~ . v

°

.

The time 1s past when elementary teachers can be content -,
/ .
that they have taught mathematics if they have taught pupils to

compete mechanically More and more)mathematics will be taught

-/

in the elementary grades; one important criterion of the effec- 2
'\_:tdveness of a school's program will be the extent to which pupilg :a~
uhderstand. Ir mathematics is taught by people who 'do not like,

and do not understand, the subject it is highly probable that
pupils will not like, and will not understand it as well

- The' School Mathematics Studngroup materials for gnades

4, 5, and 6 contain sound mathematics, presented at such a level ‘;W

that it can be understood by children. EXperimental classes
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have‘found the program stimulating, and teachers have béen- - K

enthusiastic about the results. Teachers in the experimental
programs have received the speciai services of a consultant to

help them-with the subject matter. It.1s not surprising that
* L/
: teachers who-have been trained to teach arithmetic in the tradi (/

tlonal sense need to study more mathematics if they are to have -

.

confidence In their ability to introduce new ideas. They must
¢ know far more than the students, and understand something of the
’later implications of ‘the topics they teach.

. ” o

ﬂﬂus yolume, Number §ystems, and a companion volume,

Intuitive Geometry, ‘have been prepared by the School Mathematics

.- '.'Study Group to help elementafy‘teachers develop a sufficient $.
subject matter competence in the mathematics of the e1ementary
school program, What - kind of material should teachers at this
'level have? 'Is'a'courseyin calculus, or.abstract'algebra, or °

app}icétions'of arithmetje mhat they need? ‘The opinion of the T
.’ )‘

. k4
, editors is that e1ementary teachers need a thorough discussion !
of all theomaterials they might teach in grades 4, 5, and 6 <
from a higher point of view, but in a -very simIIar setting, p:e--

sented in much the‘same way they would'present it, so that they
themselves might experience something of the joy of dischery

and acce mplishment in mathematics which they may expect from . -

Y

their pupil.._: . _ .
s . 4 ‘
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o carefully edited with the idea that it must, now serve -2 much

different.purpose than that for which it was originally intended.

You,'as the mature individua}, will be able to appreciate much :

°

that wou1d esCape Junior high school students. Even though, in
-7

some cases your technical anlity may not be we1I-developed,

) ' .

you will be ahsu go think critically and to make connections
LY

between wnat y know\anq new material In some cases, you will

~ be surprised to find that "new" ideaswin mathematics are reallya

Y

- only a new 1anguage for ideas you have known either imp1icit1y
3
or explicitly for years., While your ability to compute may be

dmproved only slightly as you study this book, you will find .

» / ’
" thadt you understand many operations and conﬂeptﬁ that were pre- ) 3

-

viously vague or even merely tricks used to get cgrrect‘answers. !

}; In elementary mathematips today, the properties of the. >
) numbers are considered to be as important as the actual com-

putations with numbérs, The nature of the operations with num-

bers 1is considered to be as important as the answers obtained .
- C

But in addition to the work with numbers, the ideas of geometry

A “ P
.-+ must also'be ta ght Both the applications of number in geometry

. ape s
(méasUrement) and the relationships between geometric elements

. independent of number help to form a foundation for the, later
study of geometry Thehintroduction of basic mathematical ideas
in the’ elementary grades is the opportunity for which you ares

prepar}ng yourself. o \\ c o

» . b H N A
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' mathematics is concerned with deductive reasoning. . -/

Ly

Chapter 1

4 ' WHAT IS MATHEMATICS? -

AN Y - N
1-1. Mathematics as a Method of Reasoning. .

"once’, on-a plane, I fell into conversation with
, the man next to me. He asked me what kind of. work

I do. I told him I was a mathemfatician., He ex-
claimed, 'You age! Dontt ‘you get tired of adding
columns 'of figures all day long?' 'I had to explain
to him that this ¢an best be done by a -machine, M .
. T+ job is mainly logical reasoning.'

Just what is this mathematics which many people are talking
about these days? 1Is it counting and computing? Is it drawing
figures *and measuring them? Is it a.lagnguage which uses symbols
like a mysterious code? No, mathematics 4s not any one of these.
It includes them but it is much more’ thah all of these. Mathe-
matics is a way of thinking, a way of reasoning. Some of mathe-
maties involves experimentation and observation, but most of

L

s

By deductive reasoning you can prove that from certain given
conditions, a definite conclusion necessarily<follows. In.arithme-
tic you learned how ‘to prove definite statements about number@.

If a ‘cdassrooff has 7 ’rows of seats with 5 seats in each row,
then ‘there are 33’ seats in all. ' You kdfow that this is true with-
out counting the seats and without adtually seeing the room.

Mathematicians use reasoning of this sort. They prove "if-- .,

then" statements._ By reasoning they prove that &f‘something is,

! true, then something else must be: true. , -

By logical reasoning you can often find all the.different ways
in which a problem can be solved. Sometimes you<Eép show by
reaSOning that the problém has no solution. All the problems in
Exerclses 2-1 given below.can be solved by reasoning.” No cal—
culations qre needed, a;though you may find it heipful sometimes
to_§{aw a’'diagram.. :

¥ K

- 1 ~
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J Exercises 1-1

1. A 200-pound man and his-two sons each weighing 100 pounds want
to cross a river. x;f they have on1y one boat and it can “ .
safely carry only 200 pounds, how can they cross the river?

2. If the man in Problem 1 weighs 175 pounds and one of ‘his song
welighs 125 2 pounds and the ether 100 pounds, can they use the
same boat?® I§/no€ what weigh\\must the boat carry safely so
that they can cross the river? .

3. A farmer wants to take a goose, a fox, and a bag of corn deross
a river. If the farmer is not with them, the fox will eat the.
goose or the goose will eat-the corn. : If the farmer has only
one boat large enough to carry him and one of the others, how
does he cross the river™ : " .

k,, Es it possible to.measure out exactly 2 gallons using only an
8’“allon container and a Sagallon container?. fThe containers

‘. do not have individual gallon/markings or any other markings.

*5. .Three cdnnibals and three missionaries want to,

cross a rivern, They must share'a bdat which is large enough
, to ‘carry only two peopIe. At no time dby the cannibals out-
number the misSiondries, but the missionaries may outnumber
the cannibals. How.can they all get acrogs the river using
only the boat°

,*6.  Eight marbles a

of them have

¢ ’

"

e same weight and the other is heavier. Using
cale, how would -you find the heavy marble if you
make ¢ y two weighings? :

ave the same size,ucolor, and shape. Seven

=5



Eacly domino -

*T.

Suppose you have a checkerboard and dominoes.

is Jjust large enough, to cover two squares on the, checkerhoard.
How would you-place the dominoes flat on the board in sfieh a

T way as to coyver all the board except two opposite corner .V

Tyt squares? ° o
. ‘ %
. Note: All the squares
r except the two squares in
opposite corners are to
be covered.

You may choose to Jeave
the two white squares in
opposite corners’ uncovered
instead of the dark or
~ - ghaded squares marked "x."
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Deductive Reasoning

' l-2ﬂ

a

days of any of them.

AS

Can you prove that’

.

‘One way is to reason like this.

You can solve other types of problems by deductive reasoning.

N «.Suppose ‘there are .thirty pupils in a classroom.
therée are at,least two of them who have birthdays during the same
monthb Yon can prove this in many ways without knowing the birth-

c -

a -

Imagine

twelve boxes, one for each month of the year. Imagine also that .

you write each Qupil(s ‘name on a sL%p of paper and’then put the
slip into the proper box. If no box-had more than one slip of
pager?—then ‘there could not be more than 12 names in all. Since
there are 30 names, then at least one box must contain more than

PARES

. one name.-
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Mathematicians are always eager to prove the best possible '
'result Here, you can use the same method to prove that at least
thige members of the class have birthdays in the saffe month. If

,'no box had more “than two slips of paper, then theremcould not be, .
more than 24 names in all. Since ‘there are 30 names, then at
least three pupils have birthdays in the same.month. Each problem
in the next set of exercises can be solved by reasqning of the
above type. - x0T

« . . -

Exercises 1-2
* I, " Assume you have a set of five penclls which you are going to
distribute among four persons. -Destribe how some gne of-them
will get at least ‘two pencils.
(2. ‘(a) Would you have to give at least two pencils to some one
person if you were distributing ten pencils among six
~ persons? o0 “
(b) What can you say if you are distributing a dozen pencils
" among five persons?
3. What-1s the least nymber of students that could be envolled
. in a school sog%hat you can be ‘sure that there are at least

two students Withe'the same birthday? T

. Wha?® is the laggest number of students -that could be enrolled
in a school so that you can be sure that they all have 7
different birthdays'”ﬂ T o

5. Thetre are five movie houses in a town. What is the smallest
number of people that would have to go to the movies tb make
) certain that at least two persons will see the same show? «
.6. In problem 5, what is the fargést number of people that would

have to go to the movies so’ that y6u eould ber qure that-no

S A

tWwo of them will see the same show? N
7, If 8' candy bars are to be distributed among. boys, hgw many

boys can receive three candy bars if each boy is to recelve at

least one bar?

N

R . .

f
S
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_ called the experimental method.
px

5
8. In a class_ of 32 students various committeeslare~to be~
formed. No student can be.on more than one commibtee + Each
commifttee contains from™ . 5 to 8 S$tudents. What 'is ‘the .
largest number of* committees that can be formed” T
*9. What is the answer to problem” 8 if eveny .student can be on
either one or two committees? - T f. ( :
Jﬁ ’ -
1-3. From Arithmetic to Mathematics h

Another way in which mathematicians and other scientist solve
problems is to make experiments and observations. This method 1s
Can you think of scientific
problems which have been solved in this way? . .

Many times'mathematicians experiment to discover a general
n;}ﬁ>
has been discovered they try to prove that it is correct by

solving &n entire set of problems. After the general metho
logical reasoning. ‘ ’

The part of mathematics which you know best is arithmetic.
Often in arithmetic you canigbtain.results bx experiment and by
reasoning whichl can save you a lot of hard work and time spent

in’calculation ;f////—\\ ~
When Karl{Frie ch Gauss, a famous mathematician, was about

. 10 years old, hls teacher wanted to keep the class quiet for a

while. He told the .¢hildren to add all the numbens,from 1 to 100,
that 18 1 + 2 + 3 + ... + 100. (Note: To save writing all the '
numbers between 3 and 100, it is customary’ to write three dots.
“This may be read "and so on.") ,In about two minutes Gauss was up
to mischief again, The teacher asked him why he.wasn't work®g on

the péoblem. He repliéd, "I've_done it already." "Impossible'"
. exclajmed.the teacher. "It!s easy," answered Gauss. "First ‘I
wrote: )
. S
NG o
_ \

d

.

g
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14 24+ 3+ B+ ... + 100, then "I wrote the numbers in
) N ) reverse order: .
200+ 99+ 98+ 97+ ...+ _1, then I added each pair of
‘ numbers: .
101 + 101 + 101 + 1017+ .., & 101, . N ' '

'When,I‘added, I: got one hundred }01'3.' Thfs gave me 100 x 101 =
10,100, 'But I used each number twice. For example, I added 1

to 100 at the beginning, and then I added 100 to 1 at the end. So

- I divided the answer 10,100 by 2. The answer is, 195199 or 5,050."

>

Who was Karl'Friedpich Gauss? ' When did he 1live?

Exercises 1-3 .
Add all the numbérs from 1, to 5, that is," 1 + 2 + 3 + 4°
5, using Gahss's method. Can, you discover\anoth short
method different frofn the- Gauss method? * T
Can- Gauss's méthod be applied to the problem of addi the

"numbers: 0 + 2+ 4464+ 82 ol . t N&%

By a short method add the odd numbers from 1, to LS,,that‘is

1 + 3+ 5+ % 15 ¢ .

. rnhis problem glves you a chance to make another discovery
in mathematics. - N : . '
Add the -numbers below: i ‘ Multiply the numbers below:

a. 1+3 . , = _2 - 2x2 = _o7 "
b. 1+3+5 = o T 3xX3 = 9

et
\

H

c. 14+3+5+7 L2 hxbh o= 2,
d. Look at the sums and the products’on the-right, yhat .

seems to be the ‘general rule for finding the sums

of numbers .on thé le}t° N . " °
e. Apnly,your new rule to 1 +3+5+ 7+ 9 4+ 11 +13 + 15, _

Check with your answer 1n Exercise 3,

Add the odd numbers- 7 + 9 +11 + . ~ 17.

o T — *




% -
6. Add the even numbers from 22 to U40: 22+ 24 + 26 + ...
+-'40. ' i \
7. Add all the numbers from 0 to 50: O+ 1+ 2+ ...+750,

8 .~ Will Gauss's method.work
start with O or 1,.or

for any series of numbers whether you
any other number? .

*Qg, hdd all the numoers from 1 to 200 by‘Gaussks method “Then— =
. add all the numbers from O to 200 by Gauss's method. Are
the answers for these two problems the same? Why°_
*10. Suppose Gauss's teacher had asked him to add «the numbers:
1 +2+44+8+164+ ...+ 256. (Here you start with 1 and i

. double each number to get the one which follows.) Is there
. any. short method for getting the, sum?

*]11, If you have a short 'method for doing Problem 10, try this one
® ,  Add the numbérs: 2+ 6+ 18 + L.. + ‘186, where you start with
- . 7 2 and miltiply each number by 3 to get the one which

", follows. The answer is 728. Can you find.a short method for

-getting the ‘sum? : .
1-4. Kinds of. Mathematics " ' l - ;

Mdthemaficmans reason about all sorts of puzzling questlons
and problems, When they solve a problem they usually create a
little more mathematics to add to the ever—&ncreasing stockpile of,

*

Lk

mathematical knowledge.

“0ld to solve evén more, difficult problems.

going on for centuries an

is far greater than most people can imagine.

The new mathematics can be used with the
This pﬁocesagpasobeen‘
ithe total agcumulation of mathematics
Arithmetic is_one

,kind of mathematics.

The trigonometry, algebra, and pIane . )
geonetry you will study are other kinds.

Today there are mpre than eighty different kinds of mathe-
matics. No single mathematician can hope to master more than a
small bit of 1it. Indeed the study of any one of these eighty
different branches would gectupy a “mathematical genius'throughout

* his entire life. . ! - -

a




Moreover, hundreds of pages of new mathematics are being
createdrevery day of the year -< much more than one person could
possibly read in the same day. In fact, in the past 50 years, .
more mathematics has been discovered than in all the preceding
.thousands of years of man's existence. ’

Chance or Probability ~, +

>

°
"
-

»

One of -the eighty kinds of mathematics which is. interesting to
mathematicians and also useful in present day problems is the
‘'study of chadﬁe or probability. .

Many happenings in our lives are subJect to uncertainty, or
chance mhere is a chance the fire alarm may ring as you read
this sentence There is a chance that the teacher may give a test
today. nIt is' difficult to predict exactly the chance of any of
these eventsg although in such. cases we would be satisfied to know
- ‘that the chance is very small, - ‘

) Many'tlmes, houever, a person might want to calculate the

. ~r*hance ,;ore precisely in order to compare .the’ chances of sewveral -

S aiternatlves Mathematician§ have been, studying such questions

y 1or many years, and this kind of mathematics 4s° called probability.

* A number of such probability questions were answered for -

. Walt Disney before Disheyland was built, When he considered )
setting up Disneyland Disney wantedsto know how big to build 1it, Vo
whers *to locater it, what admission)to charge, and what special
facilities to provide for holidays. He didn't°want to take a

' chance on spending $l? 000,000 to build‘Disneyland without knowing

something of the probability of success,-

What he redlly wanted answered was this type of question: If
I,build a certain type of facility, at this particular location,
and charge so much admission, then. what is the probability that I
Wil make a certain amount of' money? : ,
; - Disney went to the Stanford‘Research\lﬂbtitute. ‘'iere he . -

- talked with a group of mathematically trained people who are
speclalists 1in applyijg mathematical Peasoning to business problems.

4




The people at Stanford first collected. statistics about people--
(their income, travel habits, amusement preferences, number of
children, etc.). Combining this information- by mathematical
reasoning they predicted the probability that’ people would come to
a dertain location and pay a given price of admission. From
reasoning like this they could predict the probability of having a

) successful Disneyland of a certain type at a given .spot. Knowing
the chanoe of success under given‘conditions, Disney was better
able to decide how and where to build Disneyland and how much to
charge £or admission. , !

. This example is typical of the way probabi;ity is often used

» to give an estimate of the degree of uncertainty of an event or

the chance of success of a proposed course of action.
. Ehe following problems are mainly to give you some idea of.

what simple probability is about. . ‘ e
‘Exercises 1-4- . * v - /
1. To see how.a mathematician might begin to think about prob-
- ability, imagine that you toss two coins. There are four -
, -~ equally likely ways that the coins can come’ ug: !
First Coin | H “H .| T [ T Co ~
. Second Coin H T H T v

H is'used to pepresent heads and T+ i used to represent.
tails, HH describes the event of both coins coming up heads. .,
\The robability of tossing 2 heads with 2 coins is 1 out

ofy /4 or %: ‘It 1s not poosible to predict vhat will happe AN
' in jany one toss, but it is possible to predict that if tngxtao N
coains are tossed lOO 000 times or so, then the two heads‘k T
""1 will come up about ﬁ of the time. Try this experiment 100

mes and tabulate your results., Tabulate other experiments
£ the whole class.and see how many HH trials turn up in v

- LR
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l 2. . What 1s the probability that both coins show tails when two
coins are tossed?

’ -~

*3. What is the: probabllity that a head appears when one coin is

3 tossed?
4, What isithe probability of drawlng the ace of spades from a
full’ deck of ‘62 cards? -
5. What 1s the probability of drawing some ace from a full deck
. of 52 cards? - ‘
# 6. What is the probabllity of threwing a die (one of a pair of

dice) and having two dots come up?

7. There are four aces (from a playing card deck of 52. cards) to
be dealt to four people,: _What is the probability that ‘the
first person who receives a card gets the ace of hearts?

*8.  What is the probability of throwlng a pair of ones (ohe dot Vs
on each,'die) with one pair 6f dice? ' e

'*9. What is the probabllity of having three heads come up4§? 3
coirds are tossed? What is the probability of having exactly
2 heads turn up?. At Jeast 2 heads?

¥
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"1-5 Mathematics Today S ¢

.

You are living in a world which is, changing very rapidly.
There are new medicines and vaccines. There are new ways to make
business decislons. There are new ways of computing And, there,

. are hundreds of other hew developments reported every day. The
tﬁinteresting thing 1s that mathematicsland mathematicians have had.
\~ ~-a part in almost all of- them, - i . M

In the telephone industry mathematics is used to design .
switching devices, so that when you dial a phone number you'have a
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good chance of avoiding a, busy signal, Mathematics has contributed.
eépecially in discovering better ways to send information)over
telephone wires or by uireless communication. . K

N~ In the aircraft indust_y mathematics helps determine the best
shaoe for an airplane gr space ship, and how strong its con-
struction must be., Angther.kind of mathematics predicts whether a
plane will . shake itself te pieces as 1t flies through stormy air

at. high speeds.. Still |different forms of mathematics help design
the radio and radar deyices used to gulde.tre plane and to

communicate with other planes and with airfields.

In almost all nds of manufacturing, mathematics (the prob-
ability you studied \n the last section) is used to predict the
reliability)of the go s manufactured. .Many times\the manufacturer
must make a guarantee! pf reliable performance based on a mathe-
matical prediction, iI ,the mathematician makes
manufac turer loses money (an the mathematic ~may lose his jobl).

Other kinds 'of new matlie tics he siness men decide how
Zaule production to avoid paying

much to producg, how best
too much overtime, and wheffe to build new plants in order to reduc§g>
shipffing costs. "

In the petroleum|indu mathematics is used extensively in

deciding how many oml wells BQ sipk and where to drill to get the ‘:f
most oil from an oil field at least cost Mathematical tech-
niques also help the gasoline m acturer to decide how much gas-
.9line of. rious qualities to refine from different crude

petroleums. e oo )

In all these businesses and industries, in univer\ities and
government agenéies as well, the mathematics of cotputing and the -
big new electronic comouters~are widely used,

why is mathematics now used“in'so many areas? One reasqon is
that mathematical reasoning, and the kinds of mathematics already
developed, provide a pﬁpcise way to describe complicated situ-
ations and to analyze difficult problems. The language of mathe-

matics is exoressed in shorthand symbols, all precisely defined, \,

bl -




12

‘ . “ - ¥

Qand used according to definite 1ogical rulesy This often makes-

it possible to study problems too complicated to visualize.
Frequently, mathematical reasoning predicts the poss%pilgty or
impossibility of a sclentific experiment' Sometimes, the most use-
ful answer a mathematician can - find 1s to prove beyond qaeszlon
that tre proglem (orvmachine, or system, or experiment) being
studied is impossible “The mathematical ‘work may also show why the
problem 1is impossible in the present form and may suggest a may to,

get around the difficulties.

»

.1-6. Mathematics.as a Vocation
BeS:::JBbrld War II almost all mathematicians yere employed -as
teacher schools and colleges.- Since then, the world of
mathematics and the world of mathematicians have changed tremen—
dously. Today there are more teachers of mathematiecs than evey
-hefore. In junior and senior high school there are about 50, OOO

people who teach mathematics, There are about 5, 000 more teachers .

" employed in colleges and universities. But now (1960) in business
‘ indystry, and overnment thete are more than 20,000 persons wor&dng

- as mathematicians. .

The Federal Governmerit hires mathematicians in numerous

. agencies for many‘different assignments, Literally thousands of
people work with computers and compute?r mathematics. “Industries
of =il types ‘are hi?ing mithematicians to solve comolex mathe -
matical problems, ﬁcﬂhelp other workers with mathematical diffi—l
culties and even’ to teach mathematics to other employees.

7-
These changes have been brought about by the revolutionary -~

W

-

advances in science and technology whlch were talked about These "

changes are stlll continuing ) N
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1-7, ".Mathematics in Other Vocations =~ ¢ . %
Many. people who are not primarily mathematicia ] need to know -

a'lot of mathematics, and’use it almost every day. his has long/mﬁ
been true of engineers and physicists. Now they find it negessary/‘5
to‘use even more advanced mathematies. Every new project in air-_
craft, in space travel, or in electronics demands greater gkills
, from the engineers, scientists, and - technicians.

Mathematgcs is now being widely used and required in fields o
such as social studies, medical science, psychology, geology, and,,“

°

husiness admigistration, Mathematical reasoning and many kinds of
mathematics;gre useful in all these filelds, Much of the use of .
_elestronic compubegsfin business and industry is carried on by : ;
people who must learn more about mathematics and computing in order %5;1
to carry on theif regular jobs. To work in many such Jobs you -are
required to know a lot about mathematics. Merely to understand
these phases of modern life, and to appreciate them enough to be
a good citizen, yoqvneed to know about mathematics.~ '
—_— it .
1-8. Mathematics for Recreation o )
Just as music is the art of creating beafity -with sounds ,#gnd’
painting is. the a}t of creating beauty with colors and %hape ,fs
mathematics is the art of, creating beauty with combinations of

\
ideas, any pe0ple enJoy mathematics as a fascinating hobby \

+
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Many people study mathemagics for sfun Just as other people enJ
music or paintingg for pleasure.

For many thousands~of years people have epjoyed WOT
various kinds of problems. A good example of this is a problem
concerning the Konigsberg Bridges. 1In the early 1700's the Qity.'
of Konigsberg, Germany was connected by seven bridges. Many !
people in the city at that time were interested in finding if it
, were possible to walk through the city so as to cross each brid%e
exactly once,




o~

From the diagram showing these bridges, can you figure out_
wheéther or not this can be done? You may be interested in knowing
*  that a mathematician answered this question in the year 1736.

;/// Figure 1-8a . ‘s Figure‘178b .

’ = ’ L/

, ~;? Figure 1-8b will help 'you see- the various ways of walking
" through the city using the bridges to go from one piece of land
to another Use- C 1n place “of the plece of land.to the norgh andﬂ
. 2, the land to the south. A 1is theﬁa%land and B. is the land to
- the east . The lines leading from A, C, D, and B sh§w'routes
across the bridges to the various ﬂsrts of the city. The‘bridges
are lettered a, b,.c, d, e, f, g. At points B, C, and P three .
routes come together .and at point A five routes meet, ) ’, J
Several kinds of mathematics were developed by,mathematicians
as e\result of their work on such thought-provokingbproblems as
this one. i '

.
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TN ' EXercise 1-8 . . R .
»1, Of the three figures shown, two can be drawn withéut lifting
! your pencil or retracingy da line, while the other cannot?
Which® two ¢an be drawn without going over any lines twice and
witbout crossing any lines? > . .
B v ’
. 4 )
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Chapter 2 - T . .. '
: e el NUMERATION . o

' {
2=1, Caveman!s Numerals

In primitive times, men were’probebly aware-of sihple numbers
in couhting, as in counting "one deer" or "two, arrows".  Primitive
‘peoples learned to use numbers. to keep records., Sometimes Yhey
tied knots in a rope, or used a pile of pebbles, or cut marks in
sticks to represent the number of objects counted. A boy counting
« sheep would have ?,02% pebbles, or he might__glake notches-.in a
+ stick, as {jIEI:jr: One pebble, or one mark in the stick would
represent a single sheep The same kind of‘record is made. wheh
. votes in a class election are tallied as. ML [\ . When people o
A, began to make marks for numbers, by making scratches on a stone or ‘.
in the dirt, or hy cutting notches in a stick, they were writing
..the first nimerals. Numerals.are symbols for numbers. Thus the
numeral "T" is a symhol for the number seven. Numeration is_the '
study of how symbols are written to represent numbers. -%&g@gﬁiﬁ ‘gpgg
As centpr!hs passed, early people used sounds, or names, for R
" . numbers: Today a standard set of names fOr numbers «ls used. A
rancher, counting sheep compzres a single sheep with the name "one,"
WO

\8&0

°

and 2-sheep with the fiame "fwo" and so on. Man now hag both
9sngols 11, 2, 3, . . .) ang words (one, two, three\.. . .) which
may be used to represent numbers. »

Ancient Number Systems _ 1 -~

. One of, the earliest.systems of yriting numerals of which therq&
is any record is the Egyptian. Their hieroglyphicf or picture, #
numerals have been traced as far back as 3300 % C. Thus, about e
5000 years ago, Egyptians‘had developed a system with which they
could ekpress numbers up ﬁo millions. Egyptian symbols are shown

on the followirg pages- f. 7 . ’ -




Qur Number
‘ 1

10

100

, 1000

o 10000
100,000
1,000,000

-

These
system was

~used these 1deas:

Egyptian Symbol

- OBject Bepresented_ —

1&|
N

i

%

?
&
@
NN

symbols were carved on wood or stone.
an improvement over the caveman's system because it

stroke or vértical staff

heel bone :
’ coiled rope or scroll
lotus flower ©

poin%ing finger
burbot fish (or poIliwog)
.~ . asbonished nan

-
€

The Egyptidn

1._ A single symbgl could be used to represent the number of

obJjects in
the number

S e

ten.

a collection.

For exampTe, the heel bohte represented
P

4: e

2. ‘Symbols were’ repeated to indicate other numbers. %he

group of symbols ?P? meant 100 + 100 + 100 or 300.

3.

This system was based on groups of ten.

Ten strokes make

a heelbone, ten heelbones make a scroll, and.so on.
The following table shows how Egyptians wrote numeral:

Our numerals 4 11 23 20,200 1959 do
Tl : 229 NNN M-
o EeEtta g e [ eee? | %000 N4
« ,ppumerals - * » 299 I .

+ ’ the stylﬁ&

K i\\

* “‘About 200035.0., the Babylonians wrote on. cuneiform

made of clay with a triangular stylus,
.+ was made on the élay to represenft the number "one".
they made this symbol
«~* these symbols to write numerals up to 59 as shown in the table

xhlets
With the stylus a mark
By turning

for "ten“ They combined

“ below:
. . [Or-numerais 5 13 k) 59 -
A fen o | WYY (!
E;;zi.ga‘:,%“ - vy, \QEL (((” < ”; .

H

-
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Ndmbers above 59 are difficult since the Babylenians dzzeloped

a crude place value but had no zero symbol by which missing groups

could be indicated. One and sixty are represented by the same R
symbol . 1 Lo ’

The Roman system was used for hundreds of years. There are
still a few places at the present time where these numerals are
used. Dates on cornerstones and chabter numbees in books are

Y often v vwritten in Roman Numerals. g ’

Historians believe that the Roﬁan.numerals oéme from pictures

of fingers, like tais: {, 11, {1l, ana’||}|. The Romans then

used a hand for five;‘ Quy Gradually some of the marks were a

+

omitted, and they qute V for five. Two fives put together made
the symbol for ten,.m. The other symbols were letters of their
° alphabet, The following table shows the other.letters used by the

Romans: ]
_ [Our Numeral T 5 10 | 50 100 550 1000
Roman Numeral | I v X, | L “ C D M

¢

. In early times the Romans repeated symbols to make larger
numbers in the same way that the Egyptians had done many years = -
before. Later, the Romans made use of a subtraction convention in
order to represent a number with fewer symbols.

The values of the Roman symbols are added when a symbol rep-
\resenting a larger. number 1s placed to the left in the.numeral. .

MDCLXVI = 1,000 + 500 + 100 + 50 + 10 + 5.+ 1 = 1666,

DLXI = 500T+ 50 + 10 + 1 = 561 . . et

When a symbol representingga_smaller value 1s written to the
left of a symbol representing a lawvger value, the smaller value is
“"““sub%racted,ﬂron;the larger. . )

la . . :
‘ IX=10~1 =0, '

. o
XC'= 100 - 10 = 90=.." -

w3




c ' The Romans had restrictions on subtracting:
* 1. V, L and D {symbols representing numbers‘that start
" with 5)’are never subtracted. -
2. A number may be subtracted only in the following cases:
I can be subtracted from V and X only.
X can be subtracted from L and C only. - . -
C can be subtractgd from D and M only. 1

Addition and subtraction can both be used to write a number.
First, any number whose symbol Is»placed to show. subtraction is
subtracted from the number to its right; seeond, the values found
by subtraction are added to all other numbers in the numeral.

CIX = 100 + (10 - 1) = 100 + 9 = 10 : .

MCMLX = 1,000 + (1,000 - 100) +.50 §

= 1,000 + 900 + 50 + 10 = 1960,
' Sémetimes the Romans wrote a bar over a number. This multi-
plied the value of the symbol by l 000." }' .
X = 10, 000 € = 100,000, and XXII 22, 000 :

There were nmany other rnumber systems used throughout history
the Korean,,Chinese, Jaoanese, and Indian systems in Asia; the ~
Mayan, Incan, and‘Aztec systems ,of the Americas; the Hebrew, Greek,
and Arabian systems-in the Mediterranean regions,

P
{

‘ Exercises 2-1 ¢ é ; ‘
* 1. Write the following numbers using Egyptian numerals: hd .
. _..@a. 19 . b, 53 . e, 666, ., 1960 - _. -~ . .

2. The Egyptians usually followed a pattern in writing large
numbers . However, the meanings of their symbols were not

changed” iﬂ\the order in’'a numeral was’/changed. In what ’ -

‘different ways can ‘twenty-two be written in Egyotian notation?
3. Write our numerals for each of ‘the following numbers~ ’

a. AP b. W - i

Anal. - . 53;’&'9?
[ . 1
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4, Write the following numbers in Babylonian numerals +

. a 9 -« b, 22 c. 51 ~
5. Write our numerals for each of the following numbers: -

<'V| - (((‘%} .. € _

W (( " ‘ -

6. Write our numerals for eaqh of the following numbers: -2
a. XXIX b. ILXI., ec¢. XC d. CV e. DCLXVI
f. MCDXCII ’ .

7. ‘Urite the following numbers #n Roman numerals:

19 b. 57 ec. 888 d. 1690
//ET/ 15, 000 . .

. b4

8. Write each of these pairs of numbers in our notation, then add
the results and change the answer to Roman numerals.,
a, - MDCCIX and DCLIV I s T
b. MMDCXL and MCDVIII \ )
9. Explain the.difference in meaning of the Roman III and the
- decimal notation, 111,

o

2-2. The Decimal System \ ]
History and Deseription S :

All of the early number systems are an improvement over match— :
ing notches or pebbles., It is fairly easy to represent a number in
any of thtm, It is difficult.to use them to add and multiply.

Some’ instruments, like the abacus, were used by aneient peoples to
do ardthmetic problems. . - o

‘ The way numerals are written in our number system was de-
veloped in India. Arab scholars learned about these numerals and
carried them to Europe. Because of this, our numerals are called
Hindu-Arabic numerals. It is interesting to note that most Arabs
have neven used these symbols. Because our_system uses- groups of
ten, 1t 1s called a decimal system. The word.decimal comes from
the Latin word "decem", which means "ten" ’ .ot

The decimal system is used in most of the world today because

it 1s a better system than the other number systems discussed in.
-
the“previous section. ' .

. . , 30l ’ :
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Long aéo man learned that it wés easier to\counﬁ,large numbers !
of 6bjects by grouping the objects.

’ to represent a group of .ten dimes. Probably the reason that a

numeral system is used in which objects are grouped in tens, is that
people have ten fingers, This accounts for the fact that the ten
symbols are called "digits" when ‘they are used as numerals. With
the ten digits, 0, 1, 2, 3, 4, 5, 6, 7, 8 and 9 any whole number
can be written. s . ll

" Other ways of grouping have been used. The Celts in Europe
and the Mayans in Central America both used groups of twenty. Some
Eskimo tribes use groups of five. - ‘ °

The decimal systqm uses the idea of place value to represent
the size of a group. he size of the group represented by a symbol
depends upon the position of the symbol or digit in a numeral. The
symbol tells us b many of that group there are. In %the numeral
123,+the ,1" r resents one group of one hundred; the "2" repre-
serta~two gro s of fen, or twenty; and the 3 represents three
ones, or three. This tlevér, idea of place value makes the decimal
system thg most . convenient system in the world“‘J

Since grouping 1is by tens in the decimal system, its base is
ten. Because of this, each successive (or next) place to the left
represents a group éen times dhat of the preceding place. The -
first place tells us how many groups of one. The second place tells
us how many groups of ten, or ten times one, (10 x 1). The third
place tells us how many groups of ten times‘ten (10 x 10), or one
hundred; the next ten times ten times ten (lO X 10 X 10), or one

. thousand, and so on. ,By using a base and the ideas of place value,

it 1is possible to write any number in the decimal system using only
]

the ten baslc,symbols, There is no limit to the size of numbers

which can._be represented by the decimal system.

- * »

The same idea is used today .,
when a dime is used to represent ten pemmies and a dollar is used '\"
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nderstand'the meaning of the number represented by a
numeral sych as— 123, you can add the numbers represented by each
symbol. Thus 123 means (1 x 100) + (2 x 10) + (3 x 1), or
100 + 20 + The. same nuﬁber is reptresented by 100 + 20 '+ 3 and
by 123. U write a numeral such as 123 you are using

_number, symbols he idea of place value, and base ten, -
- One advantgge of our decimal system 1s that it has,a symbol

s-used to'fill pPlaces which would*otherwise be
. empty and might lead to misunderséanding The numeral for three
hundred-seven is 3Q7. Without a symbol for Zero it might be

' “7. ®Tne meaning of 3-7 or 3 7 might be con-

f the idea of zero is uncertain, but the Hinpdus
were using a symbbl or zero‘about 600 A.D., or possibly earlier.

The clever use of place value and the symbol for zero akes

the decimal systenr one of the most. efficient systems in: t WPPld~
Pierre Simgn Laplace (1749 - 1827), a famous French mat ¢ atician,

. called the decimal systen one of the world!'s most usefu .in entions.

s
tn

for zero. Zero

necessary to write
fused, The origin

v
v N
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Expanded Numerals and Exponential Notatfﬁ;

Pl

. The decimal system of writing numerals has a base ten. <
Starting at the units place, .each place to the left has a value ten
times as large as the place to its righ%. The first six places -
from the right to the left are ehown below: ' Lo

r
.

Y !
hundred thousahd ten thousand '. thousand hundreg ten one> o
(10x10x10x10x10)  (10x10x10x10)  (10x10x10)  (10x10)  (10) (1) =
. -'. ’ -

“Qften these values,are written more briefly, by using an exponent
above the 10. This exponent shows,he; many 10's are multiplied.
Numbers that are multiplied are called factors. In this way, the
values of the places are written and read as follows:

(10 x 10 x 10 x 10 x 10) 10° "ten to the fifth power"
(10 x 10 x 10 x 10) 10" "ten to the fourth power"
(10 x 10 x 10) 10° ° "ten to the third power"

(10.x 10) © Y 10° "ten to the secorfd power?

~
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»(10) 10t ~ "ten to the first power"
(1) 1 "  one"

In an expres31oh ‘as 162 the number 10 is calléd the'gggg and the
number 2 1s called the exponent, The exponent tells how many times
'the base is taken as a factor in a product. 102 indicates (10 x 10)
or 100. A number such as lO2 is called a power of ten, and in this
case if is t\;rQ
omitted for the first power of ten; 10 is usually written, instead
of lO . All ozher exponents are always written., Another way fo
write (4 x 4 x 4) is &3, where 4 is the base, and 3 is the exponent,
_How can the meaning of "352" be written with exponents?
352 = (3 xlO lO)+(5xlO)+(2x.l) -
& (3 x 10 ) + (5 x lol) + (2 x l). This.is called expanded
notation, )

e, second power of ten. The exponent 1s 'sometimes

Exerciges 2-2

1. Write each of the Tollowing using exponents. "\
a, 3 X,3Xx3x3x3
b, 2x2x2x2 ' .
R 5x 5% 5 X 5x 5x65 . ’ ’
g, . kx4 . , ‘ ’ v
2. Five i§ used as a factor how many times in each of the

following? '
3 - e -

a. 5 ) . - -
b. 5 ‘
_ c. 50 R ,
;3. Write each of e following without exponents- as o
, 2dzexexe. | L,
o, a. '43 ) ’ . .
t b, 3% Coe ' -
c. —335 f =

<-4, What does an exponent denote? -
5. Write each of the following expressions as shown in the
example: y3 means 4 X 4 x 4 = 64 . .

a. 3% CST A =22 )
’b. v 52 . e, 62 . ’
c. 44 ! v £, - 73 '



‘ 6. Which numeral represents the larger number?
a. y3 or' 34 N b. 22 or 9

7. Virite the following numerals in expanded notation as shown in
the example: 210 = (2 %10 2y = -t x 0 (0 x 1)

a. U468 e. 59.126
b, 5324 - d. 109,180
811 What is the relation between the exponent of a power of lO

and the zeros when that number is written in decimal notation?
9. Write the following numerals with exponents:
a. 1000 ' ¢c. 1,000,000" |
, b.. 100,000 ’ d. one.hundred million .
10. A mathematiclan was talking to a group of arithmetic students
N one day. They talked about a large number which they decidea
to call a "googol". A'googol is 1 followed by, 100 zeros.
Write thls with exponents. ‘ . .
*¥*11l, What 1s the meaning of 102? of lol? What <do you think should

be the meaning of 10°¢2

\'40

2-3. Numeralsi;g Bage Seven
Some of the chdracteristics of decimal numerals may have

escaped your notice siﬁply because the numerals are so familiar.
A study of a s&stkm of notation with a different base should °
lease your upderstanding of decimal numerals. \
.+ Let us sde how to.write numerals in base seven notation, ,This'
time if is necessary to wgrk with groups'of seven. Look at the xts
below ahd notice how they are grouped in sevens with some x!'s left
over. .

Lo
e

[
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.In figure 2-3-a there is’one group of seven and five more.

The numeral is written 15seven_

In this numeral, th I indicates

that there is one group of seven, and the 5 meéns that there are

five ones,

[y

In figure 2-3-b how many groups of seven are there? How many
"Xts are left outside the groups of seven? The numeral representing

1
this number Of x's is 3useven

The 3 stands for three groups of

seven, and the 4 represents four single X!'s or four ones, The
_"lowered" seven merely shows that the base is seven.

When grouping is in sevens'the number of individual objects
left can only be zero, .one, two, three, four, five, or six.
Symbols are needed to represent those numbers.
0,:1, 2, 3, 4, 5and 6 are used for these rather than new symbols.

As you will discover, no other symbols are needed for the base
P

<"

seven system/; \
~ If the x's are marks for days, 15

seven

Suppose thef familiar

is a way of writing 1

week arid five days. In our decimal systém this number of days ‘is
"twelye" and is written "o to 'show one group of ten and two

more, The base name in our numerals is not written-since everyone

_ knovs what the base is,
’ The name "fiftegn" is not used for 15

1 ten and 5 more. l%zeven

seven" "

o

shall be read as

seven

‘ because fifteen is
"one, fiye, base

\

Notice that in base ten, one, two, three, four, five, six,

. |s€ven, eight and nine are represented by single symbols : How is
the base.pumber*"ten represented? This representation, 10, means

one group of ten and zero more. .

»>

_ With this idea in mind, think about counting in base seven. :
‘Try it yoursélf and compare with the following table, filling in
In this table "the “lowered"

the nymerals from 21_ . . to 63seven

seven 1is omitted. -

° i
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‘ Counting in‘Base Seven -
s ~ * ' »" e
Number .. _ Symbol Number, Symbol
one 1 one, four i B -
‘two 2 one, five 15 ’
three : 3 : one, six ' 16
‘four ‘ - b . two, zero | 20 IR
five . 5 ", two, one -21 .. .
‘six 6 o e e L L
one, zero ' 10 six, three .63 NEC T .
.one, one 11 six, four o . ¢
one, two 12 . six, five o§ ) Y
one, three 13 . six, six TN 66 _
/- . -
What would the next numeral after 66seven be? Here you woulﬁ ot

have 6 sévens and 6 ones plus another on This equals 6 sevens'
and, another seven, that 1is, seven sexgggz How could (seven) be o
replesented without using a new symbol?v A new group is introduced, -
" the (seven)2 group. This number would then be written'looseven. ‘
What does the number really mean? Go on from this pgint and wpite
a few more numbers. What would bethe next numeral after 666seven

Now you.are ready to write a lis\/ff place values for base

‘seven, , / .
s i R .
. Place Values In Base Seven . L.
1 . . | )
(sgven)5 "(seven)l'L ) (seven)g (seven)2 (seven)1 (one)_ 7{
PO . . Y ',

Not;ee that eech plaée represents seven times the, value of %he,
)next,place te the right, The first place on the right is the one ;J
place in both the decimal and the seven systems. The value of th%«f
second place is the base times one. In this case what is 199 The
value in the third place from the right is (seven X seveh),/and in

the, next place (seven x seven X seven)' /

What is the decimal name for (seven x sefen)? It 1is necessary

to use this (forty- nine) when changing from base seven }tozb Z} ten,
a s the

-

Show that the decimal numeral for (seven) is 343, _Wh
degimal numeral for (seven)'? ° . - /

> ° ) 0 ' \
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o Using the chart above, you can see that .
<?u6s;ven =" (2 X ‘'seven X seven) + (4 x sevenl + (6 x one) ’ <

. The diagram shows the actual grouping ﬁﬁpresented by the
o1gits 'and the place values in the numeral 246

>
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~

b

—————— e —

\

A XXX XXX

(2 x ‘seven X seven) T " (4% % seven) (6 x one)
If you wish to writé the numMbr of x!'s above in the decimal
system oR notation fou may write:

. o 246 g ven = (2x7x7)+ (3x7)+ (6 x 1) ’
o = (2.x 49) * + (4 x 7) + (6 x1)
. = 98 + 2874+ 6

w =132 '
- Regroup the x's aoggg .to shou that there are (ten X ten) »

group, 3(ten) groups, and 2 more. This should Welp you understand

i 3 4 )
that 246, o« = 132, z ]

.Exercises 2-3

L'

1.' Group ‘the x's below and write the number of X's in base seven
notation: : : o

2

-

. a. XXXxX b, XXX XXX XXX
: . XXXXXXXXX . -
XXX X7 RAAXAXIXIXIXIXX ~~ o
\ / ’ XXXXXXXXX
- . X X X X XX XXX¥% XXX f
- . XXXXXXXXX
. X XX X XXXXXXXX . :
. S :
2. Draw x's ‘and group them to show the meaning of the following
numerals, ..
' a. 26 . ) .1 '
seven b Olseven -

=
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*11.

*12.

" a. 560 b. 605

‘Write. eaeﬁ of the followfng nume?als in expanded form and then
in decimal notation. :

i

8. 335eyen - - b. 524 even ;e

Write the next éonsecutive numeral after each.of the followlng
numerals, '

a. 6 < .. 666

seven ® seven

‘b, 10_.. . d. 1006

seven . t o seven .
What is the value of the "6" in each of the following rmumerals?
c. 6050

seven seven seven

In the base seven system write the valpe of the £ifth place

/counting left from the units place. .

-

What numeral in the ,seven system represents the numbex named
by six dozen? ' , '

Which number is greater, 250

-,

seven ?r'2°5tea? -0

Which is smaller, 2125 or. 754

')
seven ten’ . ‘

o
A number is divisible by ten if a remainder of zero is ob-
tained when the numper is divided by ten.

a. Is 30,,, divisible by ten? Why? .
Ll

b. “Is 24, divisible by ten? Why? ‘ :

¢. How can you tell by glancing at a base ten numeral whe%her
the numer _ is divisible by ten? .

a. What would the phrase "a counting nurber i divisible by
seven" mean?- |

7 . .
" b. Is 30_. divisible by seven? Why?

seven "
Sta§_§a rule for determining when a numt3r written in bage
seven is divisible by seven.
* You should see‘from problems 10-12 tamt the way of determ;ning

whether a number is divis@bie by ten dep-nds un the system in which
it is written. The rule for divisibility by ten in the decimal
system is similar to the rulelfor divisibility by seveén in the base
seven sgstem. . .
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N 50
,. - - , ;z-“u
*¥13. 1s llseven an even number or an odd number? CTan you tell_ww~,v=.

simply by glancing at the following which represent even-or

odd numbers? 3

A 2

What eould you do to tell?

seven?- 13éeven’ ll“seve’n’ esseven’

\' . T
66

seven’

-

e.

Hereuagain a rule for divisibility in base ten will not work
Afor base s@ven. Rules for divisibility seem to depend on the base
with‘which _you are working .

*14, On planet X- 101 the pages in books are numbered in order
as follows: 1, Z: A, 0. 20 & ,8®8 ,1-, 11:-113 - -
18 0,18 , 18, /-, / 1, and so forth,  What seems
to-be the base of the numeration.systeh these peopke use?
. Why? How would the next number after /1 be written? Which
' ﬁ symbol corresponds to our zero? Write numerals for numbers
ffom  O- to SA. .
*15, Find .ar rule for determlning when a number written in base
seven is divisible by two,.g v - v ,
. - . .
13 . /f N .
~ N ' =
;,A\,.fﬁj - ® ) '/-_ ) ’ |
~ . * N -
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- Computation in Base Seven

<.~ Addition . ‘ o

’ In the decimal, Or base ten, (system there are 100 "basic"
addition combinations. Indbase seven, an addition table has only
49 basic combinations; Computation in base seven can be under-

-
stood vesf by first making an addition table for base seven, '
. ¢ Exercises 2- f-a 3
1. Make a chart to show the basic sums when the numbers are
. written in base seven notation Four sums are supplied‘to .

Jhelp Jyou. - CL ' y C, .*
- . y Jolrlalz |s s |6 ,
S 0. . ’
- in | :
. 2 . 6 o, -
3 u| | S _
y |13 i
5 ] 5
. 6 ‘

. v .
s N ’

" - N o .
2. Draw a diagonal line from the Upper left corner to the lower *
right corner of the chart as shown- at the right.

a. 1Is 3 + 4 the same as ¥ + 32 . e
_ b. Howgould the answer t6 part ,
’}' ° a) be determine& from the
chart? o
¢c. , What de you notice ,about ot

the two parts of, the chart?
d. What doés this tell you ébout‘%he number of different
combinations which must be mastered?

-3
NS

-
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e, Which would be easier, to learn the necessary multipli-
,;////‘ s~ cation combinations in base seven or in base ‘ten? Why?

< L. Find uten + 5ten and useven + Sseven. Are the results

"» R equal that is, do they represent the same-number?
. The answer to problem 2f 1s an illustration of the fact“that
a number is an idea independent:iof the numerals used to write its
name. Acthally, 9o, and 323even are two different names, for the
- same number, L
Do not try €o memorize the addition combinations for base
seven, The valuq in making the table lies in the help.it gives
you in understanding operations with numbers.
‘ 4§ , The table that you compﬁfted in problem 1 of the last set of
exercises shows the sums of pairs of ‘numbers from zero to six,
Actually, 1little more is need to enable us to add larger numbers:
In orderito see what eisecgn needed det us consider how to , add in
Egse ten. Vhat are the steps dn your thinking when you add numbers
like twenty-five and forty-eight in the decimal notation?

-25 ‘= 2 tens + 5 ones = - —= 25 .
B L8 = 4 tens + 8 onmes = - 148

b .J n‘”“36 tense¢ 13 ones 7 'tens + 3 cnes‘=~73

. L l g
. Try adding in’ base seven‘ l‘seven + 35seven
* ?1 ‘seven I ones (You may look up the sums 5 +.4 and
) 3 sevens + §' ones 3+1 in the base seven“addition‘&mla)
. L A =% = '
g '® sevgps  + l2 ones, 5 sevens + 2 ones 525even"

-
l ’

How areﬁthe two examples ali&e" Howv are they ‘different9 When is
" 1s necessary & i "carry“ (or gegroup) in the ten system9 VWhen is it
- necessary to "carry" (or regroup) in ‘the seven system? .
Try your skill ‘in addition on the following problems, Use the
addition table %for *the basic suims, . ' .

[
,uzseveno 65seven : 32seven ‘,25¥seven

105

435 524

seven seven

. »
Py ° .‘138&/‘81'1 llseven 253even ___seven 62588\781’1 56 ___seven

‘o The answers in order are 5)seven’ looseven’ 6ose?y , oo2§év
- > 136u

.

‘

geven> and 1421 geven: : ' _ .
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Subtraction -

How did yoﬁ learn to subtract in base ten? You probably used
subtraction combinations such as 14 - 5 until you were thoroughly
familiar with them. You koow tﬁe.answer to this problem but
sgppose; for the moment, that you did not, Could you get the
answer from the addition table? You really wanht to ask the follow-
ing ouestion "What is the number‘ which,whon added to 5, yilelds
1lho" . o : . ‘

; The idea discussed above 4s used in evelry suﬁ%raction problem.
One other idea is oeeded 4in many problems, the idea of "borrowing"
or "regrouping". This last idea 1is 11lustrated below for base ten
to find 761 - 283: - '

7 "hundreds + 6 tens + 1 one = 6 hundreds + 15 tens + 11 ones = 761
2 hundreds + 8 tens + 3 ones= 2 hundreds + 8 tens + 3 ones = 283
) 4 hundreds + . 7 tens + 8 ones = 478

Now‘let us try subtraction in base seven. How- would you find

6seven * 2goven? Find }3seven - 6seven’ How did you use the ~ ’
addition table for base seven? Find answers qb the following
subtraction examples: ‘ . o ‘
' v
15seven 12seven « llseven 15se_v,en 13peven .
_Eseven _Eseven _Eoevén _Eseven _isoven )
?he answers to these probloms are 6seveg‘ Sseven’ zseven,
6sever;’ and 6seven ) .

b
Let us work a harder subtraction problem in base seven .
comparing the procedure with that used above: Ll

b3ieven = h,seveno + 3 ones = 3 sevens + 13 ones = 435 even -
- ) = ' 6 i .8
lsseven 1 seven + 6 ones = 1 seven + ones 1§seven

2 4 = 24
sevens + ones seven

I’ k , e ! .
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. Be sure to note that "12 ones" above is in the seven system

and 134 one seven, three ones."
% you add to 6seve to get 13 even
. help you®

to the table.

If you wish to find the number
» how can you use the tabIe to
Some of you may think of the num™>r without referring

| Practice on these subtraction examples: - R
= ) b t 2
56seven 61seven ~ "seven Lsteven 50“seven
fn
E&seven Eéseven‘ Efseven 203 ~“seven uoseven
~ ! 3 5 5 232 T
, The-ansvers are g everi? 2Vseyen, ?seven’ 150, ven 30¢ seven
Exercises 24-b
1. Each of the following examples is written in base seven, Add
. Check by changing the numerals to decimal notation and adding
‘ in base ten as in the example: )
, Base Seven Base Ten ‘ ,
: 16seven | = 13
,23seven = 17
**seven AN . 30.
= 309
Does uzseven g 309 . ‘
¢ sA
a. 25seven b. ’oseven !
Eiseven ! Eiséven
[ ] e
] S 160gqyen * '30seven . -
-d. uoaseyén * ?63seven ,
) €. 62M5, . en * 5314 ven
L. 62lsseven * 666seveni ‘ - . ,
2., Use the base seven addition table to find: %
a. 6seven - 4seven b‘, 1seven - “seven
. c. 12seven -5 '

seven
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3. Each of the following examples is written in base seven.
Subtract. Check by changing to decimal numerals. . -
s a. 10seven bi éééeven .
o —2seven Z%even .
ul - o e, :
~ ¢+ tseven - 35seven Co Ce S -
. 2 - 26 -0
d.. 50"seven - 206seven - . '
<n) _ .
€. §3gseven 52seven .
245 - I
'f' ”ujlseven 2}6 seven " .
4, Show by grouping x's that: : ~ ’
bty = " ‘ ' ) .
a. fttwos = 1l_... . . - . :
= 2l
. b, 6 threes = 2% oven , .
Multiplication .
In order td multiply, a table of basic multiplication facts
is needed.
Exercises 2-i-¢ *
1. Complete the multiplication table below for base seven.

Suggestion- To find useven x 3seven you could writexfour

x's three times and regroup to show the base seven numeral

Better 8till, you might thi.nk of this as 3_ .. + 3seven + -
3seven F 3seven. - : . E ? )

z

Multiplication. Base Seven

x Jor]2]ss]s]e . :
0 ‘ -

13

m -
B




N 0w

2. There are fewer entries in the baseigeven table than in the

“table for base ten. What does this fact tell you about the

. eése of learning multipIfcation in base seven? ,

3. Imagine the diagonal line drawn from the "x" sign to the lower
right-hand corner of the last table. ' ' -
a. How are the entries above the diagonal 1ine related to
those below 1it? - .

b."What fact does the observatioﬁ’of part a tell you about

3 x U ? <

seven .~ ‘seven
Use the base seven multiplication table to find the following
pPOduCL° . ..
L ' y
Seseven. 3‘seven ue}seven : 621seven 6O!seven
. 3se\'ren x 6seven = ‘seven o X 2s,even X 5seven
: ‘ _ h
, The answers are 216seven’ 3O3seven, 231useven’ 252seven’ 31‘06seven‘
Check the multiplication ’ o
shown at the right and then answer ussév;n
the following~questions. How do X 3eseven
you get the entry 123 on the third ‘
' 201
’ line? How do you get‘the entry —§T§§seven
201 on the fourth 1ine? Why is - .
the 1 on'line % placed undér the 2 on 1ine '3? Why is the O on -

line 4 placed under the 1 line 397 If you do not know why the
‘ entries on lines 3 and ﬁAZi§~;§&ed to get the answver, you will
study this more thorough¥»y later. ‘ ' ,jy \ '
One way to check your work is to change the base seven k
numerals to base ten numerals Jg\shown here:

6oL o = (6’><‘ 49) + (0 x 7) + (1) '= 292 + 4 = 298, .
X' 355even = (3 X 7).+ (5) 0O = 21 4+ 5 = X 26ten
- h22B, S

_ ‘ 78— —

415 . v ;%qs_

\/%""?6_ = 3><2u01)+(1>< 343) + (4 x 49) + (0xT) +(6) = TTM8___
seven - .

) Division . ‘
Division is left as an exercise You may find fnhat ~
it is not easy. WOrking in base seven/should help’ you understand




<

i

why some boys and* girls have' trouble with division in base ten. -
Here are two examples you may wish to examine. All thé numerals '
within the examoles are written in base seven. How can you use

the multiplication table here? ' |

P
- Division in Base Se¢ven
b = ' ’
us'seven~‘ ' . 2015seven o
— T3 . . T :
6seven ) igp“seven ) . '6seven )igglzssexen
I v T 112 .
_/ hp L6. -
p a3 ) 335 T
33 ) . 332 .
- =3
xercises 2-4-4 ——
1. IMultiply the following ‘numbers in base seven numerals and
check youn results in base 10. ’ . . TN
a. 1‘séven X Yeeven
i . % .
b. 6"seven?‘ even~~$
(o] 3¢ )_:')
. 56seven ! seven ‘- )
- N ] X l’r ) ! ‘
dn 307 6seven 2% seven
€. 250seven X “'lseven ' \ _ ‘5
*2, Divide. All numerals in this exercise are in base seven, ,
j ) -
a'\~6seven eseven b. . 5seven) "““seven -
S el b VTEEIE s
4 seven " “seven ‘ d. 2lseven) 25 even ‘
3. Urite in expanded form: - . ’ }
. \
ko3
a. 403g5ven b -189ten *
1, Which of the humerals in Exercise 3 represents the larger
number? ‘ .
5. Add the follo:ib% .
G 5 -
a. 525even * v&%yen % Dgeven :
iy ;
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c: 434seven ) . ‘ . :
Efigeven .
- ”
6. Subtract the following; . ’
a,, 13seven b. 80seven - 1sey_en c. 402seven .
__seven ) S Bseven -

7. ‘Rewrite the following paraéraph replacing tha base seven num-
erals with base ten numerals.- . .

Louise\tazgg grade 10seven mathematics in room 23useven'
The book she uses is called Junior High School Mathematics
;gseven It has Eiseve chapters and 1102, . pages.

There are- uuseven pupils in the class which meets Sseven timess

each week for 106 minutes daily., 16 of the pupils

seven seven
are girls and 2sseven are boys. The youngest pupil in the

el
class 1is lusevenyears old and the talleat is 123 seven inches
tall, . . ‘ )

A
L . N M “

h

2-5 Changing from Base Ten to Base Seven . N
You héve learned how to change a pumver written in base seven
numerals to base ten numerals. It is SO easy to change from
. base ten to base seven. ILet us see how this is done. * !
In‘'base seven, tfe values of the places are: one, sevenl,'
- sevena; seven3, and S0 on. That is, the pPlace. values are one and

‘the powers of seven

{

1

seven = 7ten R )
seven® = (7 X T) or 49te o
L . ; |
' s‘even3 = (7 X7 %T) or 34’

Suppose you wished to change 12 to base,seven numerals.
This time, think of groups of powers of seven instead of - |
actually groupling marks. .What is the largest power of severi1
which is contalned in 12 en? Is seven1 the largest? How about
seven? (forty-nine) or seven3 (three hundred forty- three)9 ‘

-
’

47




Paradl

. ' 39 , ;
: ' e \‘. ‘w . i T ! .
You can see that only sevenl is small enough to be containe@ in

K lzten. ¢ ) v . . ' , ’

When Jou divide 12 by 7 yow have ) !

- 1

7)712

7 !

What does the 1 on top mean? What does the 5*mean? They'tell us
that lgten contains 1 seven with 5 units left over, or that -

12 = (1 x seven) + (5 x one). Thus 12, = 15g o .

Be sure.you know which place in & base seven numeral had .the '
value sevenz, the value seven3, the value;sevenu, and so on. )
How is Suten regrouped for ﬁ%se seven numerals? What is the
largest power of seven which 1is contéined in 5uten
we . In 5h o you have 2 X seven® + 2 x seven + 2 X one.

ten

' 1 - .
49 ) EE You have ( 1 X seve 2) + (0 x seven) + ( 5. X one)
h ) 9 . — ‘ L .
I 5 Then 54ten = 1055even-\" - . i
Suppose the problem is to chang 524 to base sevan numerals
Since 524t en 18 larger than 343 (seven3), find how many 343ts. *
there are. . o

343 ) BEﬁ Thus 524 contains one sevenS with 181 remaining, or
e 0 343

. 8T 524 = (1 x seven ) ¥ 182, and there will be a "1"
in the seven3 place. ® ’

L Now find how many 49's (sevenz) there aré 4n the remaiﬁing 181,
e 3 , - i PN . -
49 )"I8T  Thus 181 contains 3 49's with 34 remaining, or =
l%% 181?=‘(3 X seVeng) +°34, and there will be a o .

o "3". in the seven® pléceé, . VA ,
' ‘How many sevens are there in tRe remaining 342 Lo

- .
o { 2 4

l' .} . . . Je

. \ -
3 £y ! . L4
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. T '
7 ) 3% Thus 34 contains 4 seven's with 6 remaining, or
. 2% = (4 x geven) + 6, and there will be a nyn
in the' sevens place. > , _—
: What will be in the units place? You have: ' :
524¢en = (1 x seven3) + (3 X seven ) + (4 x seven) + (6 x.ong)
52.I‘Lten,= 346seven . : o
Cover the answers below until you have made the changes for
yourself} ‘ { ’ .
) ,loten = (1'x seven) + (3 X one) = 130 ven -
LY . ‘4'
, \¥6ten = (6 x seven) + (4 X one) = B4 oven )
3 162 = (3 X seven ) + (2 x seven) + (1 X one) = 321seven
{ 1738ten = (5 x seven® ) + (0 x seven2)-+(3 x seven) + (2 X one) °

& 203256 ven' e .
. In changing base ten numerals to base seven, first select
the largest place value of base seven (that is, power of seven)
contained in the number. Divide the number by this power of
seven and find the™ quotient and remainder e guotient'is
first digit in the base seven,numeral ivide the rem nder
by the next smaller power of -seven and this quotient is
-second digit Continue to divide remainders by each
succeeding, smaller power of seven to determine all the re
» digits in the base seven numeral.,

J

[ rd

R - . Exercises 2-5

<

1. _Show that: ) o , ‘ Lo

- a.’

5O;ten = 1015even ; b'§\‘11’L5ten = 265seven ’ ~\h”/-&::—)/
: , : . c. 102k, = 2662 , 5

seven /




Change the following base ten numerals to base seven numerals:
» a, ’12 ' Cc. 218

b. 36 : d. 1320 - : : -
.4

Problems 3, 4, and 5 will help you discover amother method

<

for chanding ‘base ten numerals to base seven. . . :
by ten. Vhat 1s the guotient? What is the .

3. Divide 1958ten

, remainder? Divide the quotient by ten. What 1s the new -
guotient? The new remainder?. GContinue in the same vay, ’
dividing eecﬁ quotient by ten until you get a quotient of .

gero, How are the successive remainders rélated to the,

original number? Try the same process with 122,450, 789ten )

Tpy it wish any other number. ¥ ' : ’
4, Divide 52t . by seven./ lhat is the quatient? The remainder? -

Divide the quotient by, seven and continue as in Exercise 3, o :

except that this time aiyide b;weeven instead of- ten. Now

; * write Sznten as e\:ase seven numeral and compare this ‘with
.. qéi remainders whixh ;%u have obtained. * -
'. 5. Can you now discover another metnod for changing from base ‘ten "
v to base seven numerals? ' . < o S

» < \

6. In each of the'examples below there are Z§g§1missing numerala L
Supply the nunerals which will make uhe amples correct. ‘, ~

. S
Remember that if no base name 4s‘£3ven, then the base 1s§§en.a
: “a., Addition: 675  _ b. ‘Additidn' ‘8 9f"§ '%}{i" o
. 186 ? 2 9 R V' \_,%)éec %58
2 - . * . ¢ C7 . LR
_ 2992, . , 11609 RN
. n R 3@ o g
. 2 . 20" o @y °
i ,c. Addition: 4 3 zseven d. .eddition. 23 2 5seven. s /'
R . ? ?-%seven J’ : ? ? seven
. ' w1 A ; ’ ' ’
” seven .
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. 5 ) ' .
e. Addition: 2 6 +seven f. Multiplication:
> ‘ - )
. v i 2seven 51 is_everfl
- 1 0 v\' -
. ’ -~ Seven ~ ’seven |
-~ ’ v 1
* . ; 21 5sev’en |
’ *g. Multiplication:

' 2 9 o' - - |
) . seven , |
‘ < )’t x 5, seven - ‘
. |
362 6\§seven . ’ o
‘ |
L3 ~ 1
- . ‘ |
2-6. Numerals in Other Bases . ) - v

You have studied base seven: numerals, so you novw lknow that it
1s possible to express nunbers in systems different from the ‘
_decimal scale. lany persons” think that the decimal system is used |
because the base "ten" is superior to other bases, or because the )

number ten has special properties. * Rarliér it uas indicated that
ten is probably used as & base because man has ten fingers. . It was

only natural for Dr*mit*ve people to count by making camoarisons ha
’ with their fingers. If man had had six or edght fingers, he might
have leegPned to count by sires or eights

Our faniliar decimal system of nggation is superior to the
dgyptian, Babylonlan, and others vecause it uses the idea of place
value and has' a gero symbol, not because its base is ten, The
Zgyotilan system wuas a tens system, hut it lacked.efgiciepcy for
other .reasons.. . . £ - o

Our decimal systen uses ten symbols. In the seven system you

'used only seven symbols, 0, 1, 2, 2, t, 5, and 6. How many'sbmbo
would ZEsltimos use counting in base five? How many symbols would

vase six require? A little thought on the preceding questions
should lead you to the correct ansvers. Suggést how many symbols ,

.

‘Fre needed for base twenty . - o

~—

- . . :




vrité sfXteen x's. Enclose.them in groups of four x's, Can
you write the nuqeral 16ten in base four numerals? How many groups
of four are there? Remember, you cannot use the symbol ﬂﬂ"’In
‘base four, A table of the powers of Aour in. decimal

erals is
shown below, R A e - )
[} . ~ . .
. (four3) (four®) (four%f’ ?  (one) LA
x4 u) (B xh) (&) - (19

(6%)” e (16) (%) (1)

v

N\To write sixteen X's in base four Yyou need “ .
(1 group of four ) + (0 groups B{ four) + (0 ones). That is,
) four® - - N ;
™~ 1 v
o 2-T. Tde \Binar;[ and Duodecimal Systems Y
" There are tgo other bases of special interest The base two,
or, binary, system is used by some modern, high speed computing
mgchineg’, These computers, sometimes - incorrectly ‘called
"electronic brains," use tée base two, The gwelve, or dupdecimal,
system is considered by some people to be a better base for a :
? system of notation than ten,

- Pl

- . /

Binary Systen .
*Historilans tell of orimitive peopnle* who used the binary system,

.. Some Australian “tribes stilld count by pairs, "one, t#o, two and
" . . s

.
LN
- one, two twos, two twos and one, ‘and so on,

- The bindry system groups by vairs aé.is done with
the thwee x's at the right. - How many groups pf two
are shown? How many single x's are’ left” Three X's means 1 group

., of two and 1 one., In binary notation the numeral 3/ ~1s written’ ',
L Miyo oo . . T t, .
N P Counting in the !&nary system starts as follows:

Decimal numerals |1]2]2]- 5] 5] 6 718l 9j10
1 Binary numeérals |1 [10[11] 100 | TOX\110] 2112 |2] | »
-~ : , -

.




-

)

- ¢ S
, -

How many.symbols-are.néeded for base tuo numerals? Notice that

the numeral 101two represents the number of fingers on one hand.

0 " \/
Hhat\does 111two mean? ' °

ll}tpo = (1 x:tuoz) + (1><twol)+g1 X one) = L +24+1 = Tien- £
* How would you write 8ten in binary notdtion? How would you vrite
10t in binary notation? Compare this numeral witn 101two‘
Podern high speed computers are electrically operated. A
simple. electric switch has only two vositions, opén (on) or
closed (off) Computers operate on this princivle. Because there
are only two positions for each Place, the computers hsé the
binary system of nota?ton.

Iy -

|
" The drawing a;/;he riggt i; used ) C-
tor }esent a computer? .The four circles ‘:(:> 5:> C:)'(:>' - .
refbesent four ligﬁts on a panel, and each — ' |
7light representsjone pPlace in the binary
: sybtem When the currént 15 flowing the .
light is on, shpwn in Figure 2-T7b as . .
_ .o " 1s represented by the O 6} N .
- .
symbié:jia When the current does not . N4
. flow,YtHe 1ight is off, shown by - (:) . Figure 2-7p
}n Fiéﬁne 2-Tb. This is represented by the symbol "O", The
panel in Figure 2-7b répresents the binary numeral 1010 — What
degimal numeral is represenbed by -this numeral? The table at

" Figure 2-Ta

1

the right m 3 T 2 1 -
shows thé place two two™, two two one
g : p %
values for the ' 2x2x2x2 2X2%2 2x2 © 2 1 .
first five places 16 |, 8 4 2 olre Lo
in hase two numerals, . . . -
IOIO;WO = (1-x two3) + (0 x two ) +.(1 x two> ) + (O X one) '
‘ =$1x8)+(06<h)+(1x2)+(0x1) =
- = 10, . ) ’ )
- , ‘ . S e
* sl




.~

?

45

. I

’ '
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!

/

Duodecimal System /
In the twelvet or. qhodeéiub

You frequently couni in dozens, as with a4 uozen eggs, a dozen rolls,
or a dozén pencils.’ Twelve dozen (12 x 12) 1is called gygposs.

Schools sometimes bqy -pencils by the gross,

.system, the grouping is by twelves

‘a\./)
. »

The sixteen x's shown at the right are
grouped as one group of twelve with four (
x's left." Writtem as a base twelve numeral,

)
<o

"LX X
X X

<

P

16ten = (1 x twelve) + (b4 x one) 14 twelve

Draw twenty-five x's on a sheet of -paper.
How many groups of ,twelve are there
"How would you write 25, in duodecimal

§

notation? - . -
25¢en = (2 x twelve) + (1 X one) = 21twe1ve ’
To write numerals in base twelve it is necessary to invent
new symbols in addition to using the ten symbols from the decimal
. Base twelWve requires
Youcan use "T":

Draw circles -

around groups of twelye.
Are any x's left oV§r°

*

system. How many new symbols are needed°
twelve symbols, two more than the decimal system
for’ ten and "E" for eieven as shown:in the ‘table below

——

Base ten

0

1| 2|3 ! 51{6|718]9]10]11 12,13-14‘.1516

Base twelve,

*0

7189 T|EJ10[11]12| 2} 2

-

1{2]3ls]|s|6}

and -"E" is

Notice that "T" 1s another way of writing 10
another way of writing llt n Why -is 12

ten

en written as lotwelve

To write 195, .1, in:expanded notation,
(1 % tweFve?) * (935 welve ) + (5 x one) <

’ 195twe1ven .
< . 1 x 144) + (9 X, 12) + (5 x 1) :
7 ’ X
. . Tten - Ve .
- R \‘ .
% . i“?
s B ; " - -
\ ; . A -~ i -
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=77

3.° Urite the follouing decimal numerals .in bases six, five,

,éw'

?_ [24 ) ~/
, h}'ampllé 1c@five (Ix25) + (0 x5) + (2 x
»'f' 2 5six v c. 1002tqree
- l'- *
LTI Y d. 1021,31&;ht

‘oa,
. \Nake a ounting,chart in base two for the numbers from zero
tto thirty three.._

- Base Two {1 (10|11 oL,

aqd eight. Remember the values of th
these bases. MNote the example:
1 '\ — ‘ _
ttten T 11six - lzfiye 1”:{‘our
[l N o = N
xlllisen D 1”ten

Copy  and complete the additidh~

!

BaseTen' 1121314t . . . 1331

BN

=

chart for base two shown at the
right How many adq;tion facts

. ‘are there9

Then write the base

PRI -
-y . &?‘ 2 "
& R r3 s\:’“ -‘
. o B e
A 46
\-
'y ‘ Y -3 !
EY {Z:\ AN -
O Exercises 2-7
2. a. How many thré%s“ﬁ%e there in zothree
° b. How many faurs are there In 20f \
our
c. ﬁow rang ‘fives are there in gofive
d. How;many sixes are there in 20 six?
2. lrite the follewing in expanded notation.
, ten numéral ’ for each as shown -in the exanple.

1) =

powers for each of

glthxeé'

3
<Addition, Base Two
+ 01
0
1

Using the same form as in Exercise 5, make

chart. for base two.
How do the tables compare?
binary system difficult or easy?

a multi lication )
' How many multiplication ‘factsTare there?
Does this make working with“tgé_~
Explain your answer.
R :

2

L
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7. Write the foliowing binary numerals ;n expanded notation and
then 1in base ten notation. ‘ -

a. 11l » . 10101, AN

b, 1000, a.\ 11000, .

*
8. Write the following &umerals in expanded notation and then in
base ten notation,. .

-

a. llltwelve c. A7Etwelve ’ o
. b. .3T2twel e ‘ ‘ d. TOEtwéive ' . &
*9, Make up a place value system where the fgllowing symbols are
. used: ’ ¢ '
- Symbol Decimal Valué Néme ’
0 NN do
1= .. 1 ¢ ré" . .
A P 2 mi A ©
A 2 , o . §/ ;’g ‘ fa P -
10 . o re do

1

Write  ,the numerals for numbers from zero to twenty 1n this

system, Write the names in words- using "do, re," ete. .
*10. Using the symbols and scal? from Pro m;9, complete the .
- addition and multiplication tables %égén below.I\' - i .
.- P
Y o fa Al “x LJo 1Al ) e
) 0 0 S
~ BEEER T
.. A 1 - A
S S 3 s N

. . . . N .
11, What .advantages and'disadvantages, if any, do the binary and

duodecimal systems have as compared with the decimal system? ! ;

12, Write the fo}lowing 1n duodec imal notation. . ) -
£ Tl wes b SRk, L
Q = * ) L4 t . =
g i N »
. Y, ) by
] ‘/ -
-




S

-

g

*13,

‘e

»

*14,

48 _ _ .
C . ~ .. .

An inspector'ofiwe;ghts and measures carries a set of Qeights,
which he uses to check fhe accuracy of scales. Various -
weights¢3re placed on a scale to check accuracy in yeigﬁE%g
any amount from 1 to 16 ounces, Several checks have to be .
made, because a scale which accurately measures 5 ounces may,
for various reasons, be inaccurate for weighings of 11 ounces
and Jmore. '

What 1s the smallest number of welghts the inspector may ’

have in his set, and what must their weights be, to check the
_accuracy of scales from 1 ounces. to 15 ounces?" From 1 ounce -
to 31 ounces. ., ' h .
People who work with high speed cdmguters sometimes find 1t

easier to express numbers in’the octal,-or elght system rather
than the binary system. Conversions from one systém .to the -
other can be done very quickly. . Cam you discqver the.methdd

used? ’ ) ’

s

Make a table of numerals as shown below: > -
Base ten Base eight Base two
, v b - 17X
2 ) 2 P 10" °
5., T .5 ' RS 1 T
7 Y Y A . N 2 -
15 Vo ? N ORE S ‘
16 \ » ) ) .0 N ) 3 ?
32, 2,
g,_6)+ f‘\,- "n 9 > - o .
'256; ' p '? ! - e
Cbmpare the powers of eight ahd two up ‘to 256 'Studé‘tﬁe
powers and tpe table epove. 101 011 010 = 53 Qeight
Can you see why? - _ PR v
] ) .- . ‘i i - -/‘ A .
= 2y /
- * x - 1 ) ;-
¥ N ) o
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*15. There are a number of ways to change‘numggiié writgen in Pthef
numbeér bases to base ten notation. A student suggested, this

method: - ”
Example A: ‘To change 46

o

twelve °° 9%§§Npen-ndtation.

.. . Because there are 2 more symbols in base twelve;
' ) multiply (2 x 4) and add the result to 46tenh

Does this method work for 46 Does it -

9

twelve’

. » work for any two digit number written in base
- twelve?

Example B: To change 46 to base ten notation.

seven
'ﬁ ) Because there are three feyer'symbols, multiply
(3 x 4) and.subtract from 46ten" Does the

-method work for 46 ? Does it work for any

seven
—
two digit number written in base seven? ¢

- .
- .

SpL e - - » .
v . -




Chapter 2 ’ B

WHOLE NUMBERS . ' ° o ¥
3-1. Counting Numgérs ) “‘. -
) The counting numbers are the numbers used to answer the *
question’ "How many?"  Primitive man developed the idea of number

hy the practice of matching objects, or things, in one' set with .
objects in another set. When a man's sheep,left the fold in the
morning he could put a stone in'a pile as each sheep went out.
[ When the sheep returned in the evening he took a stone out of the
pile as a sheep went into. the pen. If there were no stones left.
in the pile when the last sheep was'in the pen he knew that all
the sheep had returned. Similarly, in order to &eep count of the
« humber of wild, animals he had killed he could make notches in a
stick -- one notch for each animal. If he' webe asked how many
animals he had killed he could point to the notches in the stick. | )
The man was saying that there were Just as many animals killed - L4
as there vwere notches in the stick The man was trying to answer
‘5he question "How many?'™ by maming a one-to-one correspondenge
. between the'animals and the notches in the stick. He was also
”trying 6 answer the question "How many 2" by making a-one-to-one "
.correspondence bEtEEen the stones of the pile ahd the sheep of* the
flock., The one-to*one correspondence means that exactly one stone
corresponded to each sheep and exactly one sheep corresponded to

each stone. This says that the number of* sheep was the same as

thel number-, of- ‘stones. . - {, - LT ST e, -

Some of us have iearned the meaning 6f number in counting by
using such one-to-one correspondences. thn.yop3look at various sets .
of obJects as in“the figure, you-see that | 5 .
there is a gertain propgrty that these ‘ ’ . «
sets possess. This property may be described by saying that there
are "just as many" marks in one set.as in the ofther. A one-to-
one corréSpondence hetween the sets can be shown hy{Joining the

R s - .

v
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marks with strings, or paths, Each mark is Joingd to a mark of
the other set. No marks are left over in either set, and no mark )
1s used twice, The correspondence shows that there are Jush\as
many" marks>in one set as in the other but it does ot tell us
"how many" there are in terms of & number. . ~%}~;

Fortunately there 1s a standard set which\ecgn be, used to tell
us "how many" there are in each set., It also can be used to tell
ns‘that bhere are "Just as y'™ in one set as in the ther.
This standard set is the set of counting numbers repyesented by
the numerals 1, 2, 3, 4, 5, .-, . In =
the figure each set of marks is put . Xs o el L0 t
in a one-to-one correspondence with ‘ '
the set of numerals 1, 2, 3. The ,
number of marks i% the same as the number represented by the last
numeral of the matching set. This kind of one-to-one aorrespond-
ence between the marks and the set of numerals tells us that’ there -

"just as many in one set as in the other, and alse tells-us '
"how many marks .are in each set:

The method of using the counting numbers is such a natural

one that the counting numbers are alsé called the "natural numbers."

123

-In this text they are called counting numbers " You ‘'may see them

called "natural numhers in other books.
Let us aéree;that the first. counting number is 1. - The set
of all the counting numbers and zero is called the set of "whole

nuribers". _ -

Y

Exeroises 3-1’

-\ . - ~ - -y

4. a theatre owner wants to know how many people attended hisd
" theatre last night He knows the first ticket was marked.

- 27 end the last ticket was marked 81.. How did he decide

v

that 5” people attended? Was he correct? L . v, .
2, 1If there is a one- tOrone correspondence between the set of T

" people in the room and the set of pairs of shoes in the room,

then there 1is a two-to-one correspondence between the set of ©

shoes.in the room and’ the set of people in the room: List a ..‘

few examples of_twoﬁto-ohb and four-to-one correspondences, '

- ‘ . L
| 60 >
/
.
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3. The following illustrates a one-to-one correspondeqce between
. -
the ’ numbers and the _ numbers,

1 .2 3 &% s 6 , , .
8. ¢ % ¢ b ¢ ' ‘
2 4 6 8 10 122. . . . o

3-2. Commutative Properties for UholérNumbers
- If you have three apples in a basket and put in two more,
then the number of apples in the basket is obtd&ned by adding 2
to 3. You think of 3 + 2. .If you started with two apples in the
basket, and put in three more, then the number of apples in the
basket is obtained by adding 3 to 2. You think of 2-+# 3. In
either case ‘it j®tlear that there will be 5 apples in the basket.
Phis may be written 2+ 3 =-3 +72,
The arithmetic teacher read two large numbers to be added.
One boy did not understaid what his teacher said when she read
the first number. , He wnote the second number and then asked her to
repeat the first number. ‘When she read it again, he wrote it
below the second number instead of - above it. If all the students
"do the addition correctly, will the boy find the same sum as the
students who héard all the dictation the first times ~ ™7 . "
The boy wrote:’3§437 THe Sthers wrote: 6254 v
This 1dea which'was Ju;t described is called the commutative
property of addition for whole numbers. It means that the order
in which two numbers are added does not affect the sum. The word
Eropertx is-used here in the usual meaning of the word -- it 1is

something that is characteristic of Ehe operation of addition-

) ) 37 added to 4 1s 7 or 4% +.3=1717,
¥ 4 addedto 3" 18 7 or 3 + 4 =T7. ;
Thus, you “can write 4 + 3 = 3.+ 4, This checks the

commutative property of addition for these .two whole numbers. - §
e . e : ' : ' )\ B -
- , s ke B ‘

) B

. 61
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75

8x9

Property 2. If a and b represent whole numbers, then
- froperty . 1L avs

than

the s
' mepel
write
Hence

or 11 > 6> 3 may be written, Note“,pat the statement 3<¢6<¢ll
really stands for the two statements 3 is less than 6" and "6 is
less than 11", - " +-« F. 2 ‘

i , Exercises 3-2 . . Co
‘1. Indioate whether each statement is true or»false-

In the above example a is 4 and b 1is 3.

< .
l ' . -
.. . -
»

T

The commutative property of addition for whole numbers may
be stated as: ' . '
Property I. If a and b- represent whole numbers then

a+b=>»b4 a.

PO

Multiplication is another operation which can be performed on

rs. Is there a commutative property of multiplication?
In learning the multiplication tables you learned that

T2.

35 ,and that 5 x 7 = 35. 'Similarly 9 x 8 = 72 and’

£

axb=>»bx a. Y

In mathematics it 1s often said that one number is gbeater
another. To simplify writing the pnrase "is greater than",
ymbol > 1is used. So, to wrife "5 is greater than 3",

y write 5 > 3. To indicate that "a 1is greater -than b",
‘a > b. Similarly, the symbol < means "is less than".
, & < 7 1is written for "4 is gess than 7". Notice that

each of thesecnew symbols points toward the smaller of the two

hnumbers being,compared . . - T e .
" The symbol # s used for "is not equal to". For example,
5#3 and ¥ £0, . - N RN

-

In comparing ‘three numbers such as 3, 6 and 1T, 3 ¢ 6 ¢ 11

a, 6+ 4 =14 + 6 f. 5+4>5+ 3
> A3gour * 32gour < Fpoup * 13tour - iyhnw

“e. 6T ,g.,315+“u62=46‘2,+ 315
d. «8+2=2+8 . «h. 5>3>10 SN

~

e. 45 * 36 ¢ 36 45
16> 5

-

”

‘i1, Af 16>7 .and 7> 5 then
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.Using the symbols = , <, ﬁgé '>, ‘make the following state- °
ments true. - ’
a, 23 ° 12912 * 32 d. 86 * 135 2 135 * 86
b, 162923 . e. 2439 3-+24
. (3 °2)+525+ (3°2)f. Given that a, b, and q. are -

; whole numbers: If a >b

' ° and b > ¢, then a 2 c.

‘Give the .whole numher or whole numbers which may be usged in.

place of a .to make the statements’ true,

- 14

°

a, 5*7=7"a <QL\ 2+aQq2+7
b, 2(ja<’2'1 e. 7°3>a"5
€ 3" a3 2 " f. a+3=3 + a

Do you thipk subtraction has the commutative property? To

* find out you must ask whether a - b 1is e&ual to b - a for

all whole numbers a and b, If you can find at least one .
bair of whole numbers for which it is not true, then sub- |,
traction cannot have the ‘commutative property.

Does division of whole numbers have the commubative properfy?
Give an example which 1llustrates your angwer,
Which of the fo%}owing,activities‘are commutative?

- -

a, " To' put-on a hat ‘dnd then & coat. e égfﬁ

b.-"To put on socks and'then shoes. o -
¢. To pour red paint 'into blue palnt.

second, Example: 3 H5 =23+ (2 * 5) 3.
b. "Z" means to find the bum of the first and the product,
of the first and the sécond. Example: 427 =14+ (ﬁ - 7).
“or 32, ‘ o '
¢. "F" means to find the product of the first and one more >.
" than the second. Example: 8 F O =8 - 1or8.
d. "@" means to find three times the sum of the first and
the- second. Example: 8 Q 5& 3 (8 + 5) or 39.

4

-~ ' v -~

- ¢ —
8
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8. Make up a defined operation as in Ex. 7 which is
(a) commutative, (b) not commutative.

9. List some activities which are commutative and sgme which are
not commutative. '

“

+ ' J .‘

4 . . -

3-3. .Associative Properties for Whole Numbers ’
. What is meant by 1 + 2 + 37 Is (1 + 2) + 3 meant irflwhich

1 and 2% are added and then 3 1is added to, the sum? Or 1is

1+ (2 + 3) meant in which. 2 and 3 are added and then th ir

sum is added to 1° Or, does it make any difference? You ha

seen that the order in which two numbers are a/ded does*not af

the sum (commutative property of add%Fion) You can see that the

way you group three ‘numbers to add them does.not affect the sum

.

For example, . y

¢ (1L +2)+3=3+3=6 and ‘ .

Ao+ (2 + 3) 1+5=6,

This idea of grouping the numbers differehtly Qithout changing the N
sum 1is called\the assoclative property of addition for whole numbers.
This pmeperty may be used to make addition easier if the sum of

one pair of three numbers is easier to find than the sum of another
pair. If you are asked to add 12 + 4 + 2 you might first add

12 and 4 and then add 2 to 16. Or you might think of first
adding 4 and 2 and then addihg 6 to 12. If you add each of the”
following by grouping th umbers differently you will be showing
applications of the assoc te _property. .

T4+ 9+l =7 + 9 +11) = 7 + 20 = 27 .
: 12 + 7 + 33 =12 + (7 +33) = 12 + 10, = 52 C
. 97 + 53 + 100 = {97 + 52) + 100 = 150 + 100 = 250
The‘associative property can be used in finding the sum of 12 and
7. Perhaps you have always used it but did not call it by name.
Notice how it cah be used:” 12 + 7 = (10 2) +7 =10 + (2 + 7) °
=19, ' ~ ' . ’
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The associative property of addition for whole numbers may
be Stated as® - } .

Property 3. If g, b and ¢ representv;n;\Whole numbers

| (a+b)+c=2a+(b+c). . ; J .

- hd -

. In everyday#dife you speak of "adding" or combining several
things. Whether such combinations have the associative property
depends: on the things.you combine. Is (gasoline + fire) + water
the same as gasoline + (fire + water)? " )
The . commutative property of addition means the ‘order of any

two numbers may be changed without affecting the sum. The associ-

"f)ative property means that, numbers’ may be grouped in pairs {¢r the
_ Purpose of adding pairs of them without'affecting the sum. ust

-

. property for all whole numbers. - .

R - . K : . F W . ’
A ’ . "
v . ' - ?3 3

»

as there 1is a commutative property for addition and multiplication,
you might expect the assocliative prbperby‘to belong to both oper-
ations. , \ ' )

What is meant by 2 - 5 - 42 Does this mean (2 - 5) - 4 in
which. 2 1is first multiplied by 5 and then 10 ’'is multiplied
by 4, or does this mean « (5 - 4) in which 5 is first
multiplied by &4 and then 2 1is multiplied by 20?2 Both gilve
the same answer and the conclusion is that either meaning can be

-

_given to- -2 + 5 + 4, This is. true. for any’whole nunibers.

.~ + Property E. if a, b, and c. represent any whole numbers,

e(a b)) cc=a-(v-ec). T

9

Is there an associative property for subtriction? %erh@ps
you can answer the question,by consideringijpstYQQe X -
10 - (6 - 4) .which ig" 10 -2 or 8. But (10 - -4 =0, so
that 10 - (6 - 4) _1is not equal to (10 - 6) - 4. This shops that
subtraction ¢oes not have the assoclative propertX.' At firgt you
may think” that one example is not enough and that ¥ '

might hold if you used. some other numbers. But, 1f the associative-

propegtiais\to hold for subtraction then 1t must hold for all
whole numbers. Hence, by showing one set'of three whole numbers
forp which the- property‘is not true Yyou know that it cantlot be a

. 65 T
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Do you think the associative property holds for division?
What does 1614 12 mean? It may mean (16-—-4) -~2, ore it may
mean 16+ (#L— 2). \The fi»® of these equals 2 and the second
equals 8, so they are equal to-each other, This shows ‘that
division does not have the associative property.
These remarks abogp,eﬁbt raction ard division show us also Qhét
. expressions like 10 - 6 - 4 and 16 — 4 <2 do not have any
~* meaning. Of course, the expressions; (10 - 6) - 4 and
- 10 - (6 - 4), do have meanings and they are different. Also,
‘ (16 = %) —2 and 16 —+— (4 =+ 2) make sense, but their meanings are
different. A -~

- )

[ N ' . Exercise} 3-3
1. Example: (4 + 3) + 2 =144 (3 + 2)
" Here, (4 +3)+2=7+2=9, and 4 + (3 +2) =445=9,

Show that the following are true in the above way. State&the

property 111ustrated in each problem,

“

S a, (21 +5) + 4 =21 + (5 + 1)
. b (9°7) - 8=9- (3 8) : ‘
‘ c. 436 £ (476 + 1) = (436 + 476)
“d. (57 « 80) * 75 = 57 * (80 75) .
\‘2. _a. Does (10*-7) - 2 equal 10 - (7 - 2)2 )
~ . " b. Does 18 - (5 - 2) equal (18 -.5).~ 27 . Lol
c. What generalization can you make regarding the associative
- _ property of subtraction? o .
3. ‘. Does (32--8) -2 equal 32 -— (8 = 2)°

a
b.” -Does (60 —-30) < 2 gqual 60 == (30 £ 2)? .
¢. Place parentheses in 75 -—~15 =5 so that it will equal 1.
d, A Place parentheses in 75 =15 =5 so'that it will egual 25,
e. Place parentheses in 80 =20 =—2 so that it will equal 8.
f., .Place parentheses in 80 =20 =2 so that it will equal 2.
g. Vhat generalization can be made concerning the associative

prboerty and division? ‘

v
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‘a.l, The Distributive PPoperty
In finding tﬁe~perimeter of the top ‘of a desk one pupil ' -
- . -
_measured the length of each side in feet. 5

and found the measurements as shown in the  _
diagram. Then he found the perimeter in .
feet by finding the sund5 + 3 %+ 53 =46, - VI .
Another pupil said he thought that this was . ‘ - “

* all right but that it was more work than necessary He said he
would add 5 and 3 and multiply their s by 2. Will this give the
same answer? A third pupil said she t ught it #ould be better to
multiply 5 by 2 and'3 by 2 and then add these two products., The

r gecond and‘third pupiis may not have known the name of the princi-

- ple they were using but 1t 1s useful and important. It is called
the distributive ovroperty. In terms of the pupils' problem 1t
states simply that . . ) .

o (5+2)=(2.5)+ (2. 23) , .
and - , 2. (5+23)=(2-8) L »
~ You have been using this property in many ways fior & long

time. Consider, for example, 3 - I3 or 121\ You were really using

. X o -t
) , 5 . .
the gistributive property because:

3+ 13 = (10 + 3) = (' . 10) + (3 -2) = 30 + 9 = 39. .m’

—\

33

o

o

>

Let us see how you use the distributive property in finding
thé product 9 - 36. You probably perform the multiplication about
. A aind

%as followsy - . .

. w36 - 36 PR

- X 9. . or . ., .X.9.
'm‘ v ¢ A o 9
270 (9

< - ‘

Q

Do you .see -that the 1éft example is a short way of doing the

probiem? You were really using the distributive property. .

E * {30+ 6) o e-
(9 30) + (9 -;6). distributive property
270 + 5% ’ - B
3eh, e , T

et . 9 . 36

»




The ‘distributive property is. also important in operations 3.nvolv1ng
fractions. Lét us f:l,nd the product of 8 and 12 Tl' First, recall

that l2-}rmeans l2+-,1- Then .. \V . . '
’\_ \48'12%='8'(12+-,1-) .
. ) = (8 -12) + (8 -'}) =96+ 2
) =98. ‘

- " The distributive property is:

3

Property 5. If a, b, and ¢ are any whale nunibe_rs then ) )
° a-(b+c);(a-b)+(a-c). -
T Thegistributive property is.the only property of the three
studied in this chapter. which 1n,volves two operations,
namely, addition and multiplication This does not mean \Qat any
problem which involves these two opera.ti\ons is performed by using
the distributive property. For example, (3 + 5Y + 14 méan® that
the product of 3 and 5 must be, found and then, 14 added to the
" product: (3 ¢ 5) + 14 = 15 + 14 = .29, . o
However, 3 + (5 + 14) = (3 * 5)°+ (3 - 14) = 15 + 43 = o7,
- : " Exercises 3-4 - !

’ ) ’ ' ) ' <
€
1. Show that the following are tpue by doing the indicated oper-
"ations. Example! 3-- (4 +3) = (3 - 4) + (3¢ 3)..- -

' 3.W+3)=3-7=2 )
’ (3-1l)+(3¢-73),=l2+9=2l
# 2. 5+ =125+ (12§ , )
b, (67 - 48) + (67 - s2) 567 - (48+52) - ”'
- Looee (123 + (3T =72 (4 D) |
. 2. "Make each 'of the f“ollowinbg\ a‘r’ue statement 1ll1lstrating the

distributive pr Eperty C ’

R ‘a 3+ (b+ ). =K3 + B) + (3.3) .,

1 3
~(e’~7)+(3.~’__ = )T /*”-f
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S 45 and 23 would be:

!

-

Using the'distniﬁn;:éa property rewrite each of-the following.
Examples: (1) 5 (2+3) =(5 + 2) + (5 - 3)

R (2) (6.4)'+ (6.3 ="6.(4+3) - -

a.” T~ (6 + 13) ' )
. “ ~ . -

b. (5 - 12) + (4 - 12) ) - .

Using the idea of the distribu&ive propertx, the following-

examples can be. rewritten. e

(1) 10 + 15 as - 2) + (5-¢ 3) pr 5 - (2 + 3)

(2) 15+ 21 as (3 +5) +(3-7) or 3. (5+7)
Use the distribHtive property to rewrite the following in a
similar way. :

a. 27 + 51 ) : Ny
b. 100 + 115 L ' : J
c. .30+ 21 o .

ﬁhich of theifol;owing are true?

a. 3+£(s2) =(3+ 4) - (3 + 2)
b. 13+ (4 - 2) 3+4) - (3. 2)
c. (4 +6)= (4 +2) + (6+2) t |
d. 3+ (4.2 =(3-4) 4+ (32 )

45 &an be written'as (40 + 5) and 23  can be written as Lo

(20 + 3). Using the distributive property the prbduct of

) -
(40 +5) (20 + 3) or Check
450~ (20 + 3) + 5, (20 43) or® L 45
(%0 + 20) + (¥0.* 3)+ (5 - 20) + (5 -/3) S8 -
. ) » . 90
Completing the operations gives: = /J . . Q
. 800+ 130 +100 +:15 or--1035 ' -
Rewrife the, following using»the distributive’ property and
.check as ‘above., . . _— ! -’
" a, 64 - 66 .. 7

75

b, 75"

o W
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*7. 1Indicate which property was used in goiné from one iine to the

B next, . . ‘ ‘ S - .
ca. [(2+:8)+ (32} +(5°2) "7 s [
. b, [(5-2)+(3°2)]+(5+2)* 7 commutative property '

. for multiplication

e [(5-2) #(3-2))+5-(2-7) " ’
e, - d. r(3-2)+(5°2))+5-(2-7) " . .
te, (3-2)+([(5-2)+5"(-7)] "o". |
* £f. (3 +2)+.((5-2)+5+ (7-2))] "o"
g., (3+2)+([((5-2)+(5-7)-2) "o
‘h: (3+ 1[5+ (5- 7)) +.2 B A

'3-5. Sets and the Closure Property .

' when a word in qiihﬁmatics 3s needed to talk about a collection,
the word set will be used, as,a set of numbers, a set of marks on
tne page, a set of stars in a diagram.

. A set of numbers: 5, 36, 7, 8 ' .

, A set of marks:‘,/,(/ﬂ/QC;QC/
_A set of stars in a dlagram:

Oth;;_ex@Mples of sets are: the set of coins in your pocket, the
set of vowels in our'elohabet,.a set of chessmen, a set of cattle
’ (you might say a herd of cattld),.the set of cities in the U.S.A.
' which have a population of more than one million. 4 ' -
’ The counting numbers form a set. Remember that the counting
ﬁ,numbers are 1, 2, 3, 4, 5, 6, '..: where the three dots are used
. . to indicate that the set of numbers continues indefinitely There
is no last numbegr. N "will be used to represent the set of
» counting numbers, and these numbers will ‘be put within braces [ J}
to indicate that they are the objects in the set. which is’ )
designated by N, Hench, you may write g ;

N = {1, 2, 3, cel e )

Y

]

and read it "N 1is the set of counting numbers,, " :

I:KC (' ~ . :

wll Toxt Provided by ERIC e




_j ' You may. chooseéény cépital7;ettér to represent th®set. If
you have the set S = {1, 2, 3, 4, 5, 6, 7} you may describe this
by saying that S 1is the set of counting numbers from 1 to 7
finclusive, or S 1is the set consisting_of the counting numbers
less than 8. ‘ '
A few more examplés of sets abd’ﬁhe‘abbreviatéd way of writing
them will help make the concept clear. "V 18 thé set of vowels
in our alphabet™ becomes "V = {a, e, 1, o, ul". "M .is the set of
. 'counting numbers which are greater than 20 and less than 25"
" becomes "M = [21 22, 23, 24}". "E 1is the set of states in the
U. S. A. which aré touched by Lake Erie" becomes "E = {Michigan,

Ohio, Pennsylvania, New York)". ..

E/ Michigan s
Ohio New York
Pennsylvania

In the first set the SbJects are %etters, in the second the elements
afe numbers, in the third each eIemgﬁt is a staée. The word
element is used for any object of a set. Thus, an element may be &
létten, a number, a word, a cat, é'marble or whatever is in the set.
Now the set:of counting numbers will be used to help uys-under-

stand another new idea for sets. This is the idea of closure. Ir
any‘tyd counting numbers are gdded, pe sum 1s a certain couhting
number. For example, 7 + 9 = 16, 234 + 543 = 777 and each sum is
a counilng‘numbgr.,.If the sum of any {wo elements of a set 1s-an

" element of the set, the set is closed under addition. Since the ’
sum of any two counting numbers is a counting number, the set, N

of counting numbers is closed under addition. It must be emphasized
"here that any two means every Egg: THe set. S = {1, 2 3, 4, 5, 6,
7} 1is not closéed under addition since Ywo numbers can ‘be found in
the set whose sum '1S not in the set, elg., 5 + 6= and 11 is
not in S. 1Is the-set M = {21, 22, 23, 24} clo§ed undef addition?
Give the reason‘for your answer. Notice ‘that if there is at least
one pair of qlements in M whose shm is not in M, then M 1s not

A}

-closed ugdenfaddition; . L A PSR
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Closure deals with a property of sets under a given operation.
" The- set peed not be the ¢ounting numbers. The operation may not be
addition. For example, let T be the set of all counting numbers
ending in O or 5. This set is closed under multiplication. It
is not closed under division since, for example, (20 <+ 5) is not an
element of T, .
- . Exercises 3-5
1. Let Q=1{1,3,5 7, 9, 11, 13, . . .} be the set of all odd

»

. numbers. - -

*

a, Is the sum df'two odd numbers always an odd number?
b. Is the set of odd numbers closed under addition? .
2. Is the se of even numbers closed ‘under addition?
3. Is the set of all multiples of 5 (5, 10, 15, 20, 25, ete, )
closed under addition?
4, what is true of the sets of numbers in Exercises 1, 2, 3 under
multiplication? '
5. Are the\follow{hg-sets of numbers closed under addition?
a. The set of counting numbers greater than 509;,v
b. The set of counting numbers from 100 through 999%
'c. The set of counting numbers less than 489

L

d. The set of counting numbers whose numerals end. in 0°9
6. Are the sets of _numbers in Exercise 5 closed withirespect to
| multiplicatigf? | . \ S o
7. Are all setf of counting numbers which are closed under addi-
tion also closed under multiplication? VWhy? s
8. Are any of the sets of numbers in Exercise 5 closed under
subtpaction? . - . . ‘

* 9. Are any of the sets of numbers in Exercise 5,closed under
division® . : t.




65

-

3-6. Inverse Operations
Often you do something and then undo it. You open the door;
you shut the door. You open the window, you close the window. One

operation is the inverse of the other.

The inverse of putting on your coat is taking off your coat.
The inverse operation of division is multiplication. The inverse
Joperation of addition is subtraction.

Suppose you have 3220 in the bank and you add $10 to it. Then_~
you aﬁve 4220 + 410 = $230. Now undo this by drawing out $10. The
amount that remains is $230 - 310 = §220. The athletic fund at

, your school might have $1800 in the bank and after a game have
4300 more. Then the fund has $1800 + $300 or 32100 in it. But the
team needs pew uniforms which cost 34300 so 4300 is withdrawn to pay -
for them. The amount left is §2100 - 3300, or §1800. These oper-
ations undo!eaqh d6ther. “Subtraction is the\inverse of addition.

’

Of course, this 1idea could be expressed in more general (terms.

Let x represent the number of dollars originally in the bank.

. If thé amount which is deposited is b, then X + b = a, where
a represents the nﬁmber of dollars that is now in the bankl How
shall this operation be undone? From the number of dollars.
&epresented by a, subtract the number of dollars withdrawn, : .
represented by 'b, and you have the number representéd by x.
Write x = a - b. :

" Notice that if a and’ b are whole numbers, and if a > b,
‘then there is a whole number x so that b + x = a. Examples;
If a 1is 17 and b is 10, then x 1is the whole number -7
so that, 10 + 7 = 17. When a 1is greater than b it is always
possible to find x 8o that a = b + x. Can you make the same -
.generalization if the above operation b + x = a, 1s changed to
multiplication, b - x = a? If you substitute 2 for b. and 3
for a you will see that there is no whole number that can be
sutstituted for x such that 2 . x = 3, If one,substitutes cer-

tain numbers--for example, if a8 =20 and b = ¥--then there
whole number that can be substituted for x such that”™ § " x =,20.




.
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In fhis eXample x must'represént 5, since 4 . 5 = }?. You get
“ the 5 by dividing: 20 by &, I

If b is 6 and a is 24 then «x mgét be 4 since 6 - 4 = 24,

If bais 5and a is 40 then «x must be 8 since 5. 8= 40,

If b is 3 and a is 30 then x must be 10 since 3-:10 = 30.
In each exa:ple the number for x is found by diy1ding the number
re ;sented by a by the number represented by B In general,
f there is a counting number x that can be multiplied by a
counting number b to get counting number a, then this number’
X can be found by dividing a by b. This i5 written as ‘4 \
b+ x=a, Multiply x by b to obtain a. To undo the~pperation
you must perform the inverse operation which means that you must
divide a by b -to'obtain x: bJ a . The inverse opération of
@ultiplying by b 1is dividing by b.° [k

Exercises 3-6

1, Flnd"if possible, a whq@e numbgé\ﬁhich can be used_for X in
each of the following to make it & true statement. If there
is no whole number that can be used for X, then say there

a

is hone. - .
a. 9.+ x = 14 . £, x=20+4 )
b. b 4+ x =11 g. 5+ x=30
c. 10 2x+ 2 «  h. 9.x=0 ‘
d. 8 + x = nm . i, x = 3+3
e. 34 x=x4+3 ) J. 11 - x=11
. <
3-T. Betweenness and the Number Line . '

How whole numbers are related may be showu with a picture,
S 1ec% some point on a 1fne’ as below and label it zero (0), Label

- "0-1-.2.3 4 5 6 7 8 9 10 11

’ P I L >
1 —>

the first dot'to the right ,of zero the first counting number and
each dot™ after that to the right the succeeding counting numbers,
This picture is often referred: to as The Number Iine. Any whole .

number is gmaller than. any of the numbers on the right side of it
R J

4
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and greater than dhy of the numbers on its left,. ﬁor example 3
is less than 5 and greater than 2. This may be written’

"2 <3<5, since 2 is less than 3 and 5 is less than 5. 7~
With tﬁe number line you can also determine how many whole numbers
there are between any two whole numbers., For example, to find how
many whole numbers there are between 6 and 11 you can look at
the picture'and count them.* There are foﬁr of them, 7, 8, 9,
and 10. ‘ -

. Exercises 3-7 ‘
1. How many whole numbers are &here between:
a. 2% and 25 S
“p, 28 and 25 -
'c. 26 and 25 .
d. 114 and 25 . .
e. If a  and b are whole numbers,.and a > b, is ﬂnq
number of whole numbers between a and b: .
(1) b -a 9 (3) a-(b+1) 2,.
(2) ?a'- 1) +b  ° (8 (a - b) #:1 o0
£ 2. What is ¢ e -wholé number midway between: .
"’ a, T and 13 ¢c. _ 17 and 29 N
b.. 9 and 13 d. 17 and 27, ,
' 3. Which of the following pairs 6f yhole.numbegs have.a whole .
‘number'midway between them?
a. 9,17 ' .
“b. 19, 3 : o \
., a, bif a and b are even .
- _ vhole numbers : . .
: d. a, bif a and b are odd
whole numbers ‘ ’ -
e, a, b if a 1is odd and b -
! - 1is even. . ) \
» ’ ; L
. , .
N / ) . * ( * - )
J , - ' g
- . It . i




4., The whole numbers a, b and ¢ are so located on The Number
Line that b 1is between a. and ¢, and-¢c > b, R

a, Isc > a9 Explain with a number. line.
b, Is b > a? Explain with a number line.’ \
c. Isb<e?’' Explain with words.™> =

. 5. The whole numbers a, b, ¢ and d are so located on The Number -
- Line that b is between *a and ¢ and a 1s between b
and d. What relation, if any, is there among b, ¢, and d°

>

; b

3-8. The Number One s .
The number one is a special number in several ways. One 1is

the smallest of our counting numbers You may build any counting
. nﬁmber, no matter how large, hg beginning with 1 and adding
~1's unt}l you have reached the desired number. For example, to
obtain tjie number five, you can begin with our special number 1
o s and repedt the addition of 1. 141 =2 24T=3,3+1=14, .
i b+l = 5. There is no largest counting number,
* In multiplicatidn 1f you wish to obtain a different numeral.
for a number, you can multiply by a selected form of the special
., humber 1. ‘In this way you may get a different numeral, but it
represents the same number, You may recall that in rewriting h as

% 5 You were simply multiplying b by . Of course, g is our

N

N

_special number 1. Multiply 3 by § and get § 5 multiply 5 by ?
and get 10 . Thesg ‘are exgmples of multiplying by the number 1
in selected forms 3 s ‘and 5 . This means that the new fractionsgg%
are different ifi form from the original ones but&they 8till repre- °
sent the ‘same number. The special numbéeér one when used as a multi-
plier makes the product identical with the multiplicand, Because

. the product of .any counting number and one is the original counting
number, the number 1 is called the "identity element" for multi- .
plication. .
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Since division 1s the inverse operation of multiplication, is
the number one also. special ;n division? What happqns if you

You do obtain the same counting
But if you divide 1 by a counting number yéu do not get the,
counting number. ot the identity
A kounting numbeér multiplied by 1 is the same
as 1 multiplied by the coupting number, ‘

divide any counting number by one‘7
number.
For this reason the number oOne is
element for division.
But a counting number
divided by one is not the same as-one divided by that counting
number. If C represents any counting number these multiplication
and division operations using thednumber-l can be expresged dn the

follow!hg ways.

1

' C*1=1-CG
- . C+=1=2C; - X
C+C =1; .

. 1+C#Cif ¢ #1. ,
N _Yoﬁ have learned to use 10° to mean 10 - 10; 103. to mean
10 + 10 .» 10; lO6 to mean 10" - 10 - 10 - 10 +c310 - 1D0. The "2"
ngn MM ape called exponents, The exponents are small, but the .
numbers represenﬁed by lO2 lO3 -and 1 are very large, If 1
is used iniplace of 10 'this is not trup. For 12 = T*; 1; 13 =

11+ 1”=1-+1-+1-1-1-1 d these are still the
number 1. In fact 12 or 190 4 13056 45 sgi11 1.
Qur discussion of the number one ma§i§§ summarized briefly. in

iﬁ; mathematical sentences below. Can yo Ftranslate them into ,
ds? The letter C here representé any counting number.
a.-c=19_z_=(1+1)9£§1',+1+‘1)_ciz;...etc‘. .
< b, 1-C=¢C - h . .
o .c c -1=C" * -~ ,
~.d, C=+=C=1 : g
2C =1 T

e.
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« ‘ Exercises 3-8 ] .

“1l. Can you get any counting number by the repeated addition or
subtraction of 1 to or from any other counting number? Give °

an~example to support your conclusion, = ?
" 2. By the above process can you get a number that-is not a count-
ing number? Give an example to support‘your'conclusion. &

3. Robert said, "The counting numbers are not closed under the
subtraction of ones but they.,are closed under the addition of
.ones." ' Show.by an exarple what Robert meant.

4, Perfo?m the indicated operations:

Jan (b -3) W% .. e 3urg - 1110 .
b, 17976538 - £, 97 . x® (1f x 18 1)
c. 897638 - (5 - 4) r g. 1 (489 —-1489)
. d. 896758 . 7 0 h g 15+t ,
\" ’ ¢ o
3-9. The Number Zero “ T

Although zero 1s not included in the counting numbers, it is
conslidered as one of the whole numbers. Most of the time it is ~
- used according to rules of the counting numbers, and in a sense it
is used to count., If you withdraw all your money, from the bank,
you can express your bank balanee with this special number zere.

Ir you have answered no questions correctly, four test score may
be zero. if there are no,chalkboard erasers in the classroom,

' the number of erasers‘maﬂ be éxpressed by zero, In all these

’ cases, ho'money in the bank no correctly answered questions and

no erasers, the zZero indicated that there are no obJects or

¢lements, in the .set of objects bging discussed If there are no

elements in the set, it is eailed an empty set. '

The: number zero is the number of elements in the empty et.

In this sense, some persons say that zero means "ot any." Others
- say ‘it means "nothing" because there is nothing in the set. _you,
shall see, these are rather confused and limited comcepts of zero,

) o
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On-a very cold morning Paul was askéd the temperature. After
looking at the thermometer he replied, "zepo.*~Did he mean there
was "not any"? Did he mean "nothing"? No, he meant thé top of the
mercury was at a specific point 6n the scale called zero. Fred had
an altimeter in his car so he could check the altitude as they drove
in the Rocky Mountains.‘ On one vacation trip they dpobe‘to the PR
Salton Sea. On the way down Fred exclaimed,."Look, thé altitude is
zero!" When the altimeter indicates zero, it does not mean there
1s "nothing," it means there 1s a specific altitude which is called
zero, It 1s. just as specific .and real as an altitude of 999'feét.
. _The sum of a counting number and one is always™ the next larger'
counting number.A,&he sum(of a counting number and zero is always

ting number. For example, 4 + 0 = %*; Thié. )

. the original cou
fact might be. expressed in symbols C + O = C where . C 45 any
counting'numberv Or it might be expressed b& saying that zero is

~ the "W;L‘den{‘.ity element". for addition.

[4

The d%gference between the same two natural numbers is the
special number zero. For example, 4 - 4 = 0. Did you notice that
in this subtraction operation you do W%; gep a counting numbef? ]
To put the 1ldea in more elegant language, you would say that tﬁé~"‘\\‘>/
set of counting numbers is not closed under suptracfion.

-What could 3 - O ‘mean? You might think of the number of

) chairs in 3 rooms if each room contains zero chairs. Thus, any

number of .rooms cqntaining Zero chairs would'have a total of zero

\~ghairs. This idea might be expressed in symbols by writing
cC-0=0, where C 1s any counting numberf A

The product O + 3 1is even more difficult to explain, ﬁut
you do know by the commutative property for multiplication that
30 0 . 3. You have seen that‘ 3 .0 =0.- Therefore,

0 3 0 Dbecause the commutative property for multiplication is
true for all whole numbers. If a represents afty whole number,
‘a+0=0.a=0, If a .is zero O + 0 = 0.

. . <

/ ' »
, ;

3
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e There is a very important principle ekp;esged in the above
symbols, but it may not be seen at the first glance. Did {ou
observe-that if the produqs of two or more wholé numbers is zZero,
then one of the numbers must be zero? For example, 4 . 5 . 0 = 0O,

) /fin mathematics y@u will use this fact f equently, . IR
' What could zero divided by 3 mean?] If you have a room with o

zeno chairs and divide the room into, thiee parts, 1t could mean
the number of chairs in. eaﬂh part of th room. With this meaning,.

]

,0-+3 shoeuld Be 0, If 3ﬂ5 then 0 X 3 sRould be zero, by the

inverse‘operation. .
If % = 0, what .is % ? Is O)7 a'counting number? Let us

assume that 0)7 is equal to some number represented by N, This

means that 7 is equal to zero times some number N, (7 = 0 x N). ~—
The product of any number by zero is zero, therefore, ‘there is no s
numb€r N that will €ghal 0J7. In more elegant language, YOu may "

say that % is not the name of any” counting number or zero, There-
fore, this operation cannot +be performed. A counting number cannot
be divided by zero,

Val Could‘ZE%a_be divided by:zero9 In symbols the question is.

“g‘= 2", or 075 If 0J0 equals some number n then by.our defi-
nition of multiplic on, O X n = 0. What numbers could replace
.n? Could n be 3?2 0Of course, n could be” any counting humber
or/éefon Since OY0 could be any whole number, ‘the’ symbol

hy - -]

g-has too many meanings, Therefore, you should remember that you
cannot divide elther a counting number or zero by zero,

.
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Our discussign of the, special number zero may be summarized
briefly in the mathematical sentences below. State them in words
if u and.w represent any whole numbers and C répresents any

counting number. Cy .
{ a. w+0=w’ ) .
~ . b. O+w=uw // . ‘
5, ,
c. W-0=w ° .
d. 0-w=0 ’ - e
) e, W+ 0=0. ‘ ‘ ‘
f. Ifu . w=0, then either u or w,6is
N . - .zero or both are_ zero.
. g. 0T =0 . . 7
: - o
hy . _C - 0-has no meaning. ‘
. . 2 Exercises 3<9 - \
1, Select the sumbols that represent zero: , "
0 ‘ ooy
a, 'E' \" ] g. -
. ) ,
b. ,5 - u : . hv' m_ )
EO ‘ e
c. f% i, 2+« (4 +6+0) ) . <;
) . v,
' d:- 0+ 0 (2« 4) =6 :
. ) b
e. -0 & k. -
! '..- ’ ) . - u . ’ »
f. L}‘ + 0 ‘ . * AV ‘

2. Can you find an err in any of the foTlowing statements?
a and b are

numbers. )

a. Ifa ' »=0, a or b=0 R
b. Ifa *"h=1, a or b=1
c Ifa'"b=2, a or b=2 7
N d. Ifa"b=3, a or-b=3 ) ’ )
e. Ifa 'b=C, a or b.=C L 2 )
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Primes <

. In thils section there will be a discussion on how counting ’

numbers can be’ expressed as products 6f other counting numbers.

The number 1 'is in a class by itself since every counting number

is a multiple of 1 that is, every counting number ‘is divisible

by 1. ° :
What are the multiples of 2 which are greater than 27

Finst write down the numbers, for instance, from 1 .to 30

. inclusive.,” The first multiple of< 2 greater than 2 1s 4
¢ross out the~ 4 and every second number after that. The list
will then Yook like the fdllowing:-

4?

K
-‘ P

1 2 .3 ¥ 5 4,8 71 //8’ 9 ¥ 1 17
o s . ¢ - 'y -

. 13-, 3 15 18 171 & 19/;6 2l 22 23 4.

' &
25 96 Ter 8- 29 36 Lo .

Do not cross out 2, The umbers abové which are not crossed-out
are 1, 2, and the numbers less than 31 which are not multiples
- of 2. Let us continue the process. Our|second step would be to
go through the same "table and cross out the multiplqs of 3 which

‘" ~ are greater than 3. Then the table would 1&ok like this-
3

e 12 3 ¥ 5 F T g g 36 n -
13- ¥ 18 18 17 8 19 ¢ o Z. 23
25 96 ol W oo TN &

Here every third number beginning with 6. has been-.crossed out, '

but 3 has not been erossed out since that is the number whose |

multiples arée being found. The next number not crossed out is- 6.
// So fop the third step cross out every fifth number after 5 (that
1s, beginning with 10). For the fourth and fifth steps, similarly~
cross out mul iples of 7 and 11 which are greater than 7 and
11, Keep track of the multiples as indicated. .Did you cross out
any new nuﬁSZ}s when you were considering, multiples of " 117 WOuld .
you cross out any new numbers if you. considered multiplés of 12? s34
of 137 - ‘ ‘ ’

?
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From the way in which tne table was constructed every number
crossed out is a multiple of a smaller number different from 1.
These numbers are ‘called composite numbers. ’

Definition: A composite number 1s a counting number which is

——————— A\ Iy
divisible by a smaller couhting number different from 1, '

The table is called the "Sieve of Eratosthenes" for the first
30 numbers. It 1is called a "sieve” because in ib you have. sifted
out all the composite numbers legs than 3l

Except for the number l " the numbers of the Sieve of
Eratosthenes which are not crossed out are called prime numbers,

§ Definitdion: A pnime number is a counting number, other than
1, «hich is divisible only by itself and 1.

Since it eliminates the composite numbers, the Sieve of
ﬁratosthenes is a good way of finding a 118t of all prime numbers
up to a certain point. The eomposite numbers are sifted out. The
prime numbers remain. ) - ~

The number 1 1s not included in the set of primes partly

+ because 1it®is divisible by itself only, ' There will be another

'stronger reason for this later on.

2 - » ‘
‘ P

-

Exercises 3-10 -

l.. Express each of the following'counting numbers as a'product
- of two smaller counting numbers or Yndicate that it is e
R impossible to do this: - ) . o '.;

a. 12 b.31 c.8. d. 35 e 39 f.¥%¥ ° g.’95
a. How m ny prime numbers are less than éok f

ﬁj‘ How.mﬁny prime numbe s are less than lOOf‘

: By whaf number is' 28 divisible? ,

¢ Y

Qx”; L number 24 "is a multiple of what numbers?

c%?i Are the two sets of numbérs you have found in .a ,ahd
) . b the sam€? Why or.why not? , . ‘
Writer 12 1in all possible ways as a product of counting
" . numbers greater than 1, .

. e b

s
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‘List the peirs of prime numbers less than 100 which have
’é'difference of 2. How many are these? ,Such pairs are

called twin primes. .

Express each even number between 4 and 22 as a sum of

two prime numbers. (An even number, recall, is one divisible

by 2): Most mathematicians believe that every even number

greater than 2 is the sum of two .prime numbers but no one
-

has been able to prove it, . - L €
Are there three numbers that might be called prime triplets?

'What is the intérsection of the set of prime numbers and the

set of 0dd numbers\less than 302
“ " . . "'

3-11.. Factors '/ <{’/ T

"The word "Factor" is commonly. used in mathematics. Though

thé term may be new to you, tB® idea is not. You know that

5x 2 = 10.

and the other one the multiplieq’ both of them are given the same
name -- factor. Thus, 5 and 2 are factors of lO' 6 and
7 are factors,of 42, since 6 x 7 = 42, Also, 42 2 2 x I XT;

SO

ber,

The number one a

2, 3, and 7 are factors of 42, ) o
Examgle l: Write, 12 as a product of factors, -
12 = 2 x-6, ' ’ -
‘or,'¢12=3x4, -
or 12 =2/x,2x & 22 X 3 . .

For exampli the number 6 has four factors, l, 2, 3, and 6.

Example 2: Find the set of factors of 20... . T
The set of fagtors of 20 .1is (1, 2; L, 5, 10, 20}.

Instead ofA?alling one of the numbers the multiplicand

‘ 3
When you say “tte factors" you mean ' all the factors" of a num- -

d the number ltself are always factors of a number.




s

the numbér a is a factor &f b
The number 1 has-only one factor, itself Each prime.number

v

*  The.idea of factors “is assotiated w{th multiplication.’
" mathematical symbolsdmﬁétor'is defined in the following way:
Definition. q’:Lf a,'o, and ¢ are whole numbers and if
ac = b, then the number a 1is called a factor of b,
~ (Under these.conditions ¢ 4s also a factor of b, )
e Using the térms of the last section, 3. is a factor of 12
because ‘12 1is divisible by 3. In the symbols of the definition,l'
if b 1is divisible by a.

has exactly two factors, -itself and 1.

L

K

In the factorization of 72, 2
exdept for the order of the qactors.
. property of the counting numbers is that there 1s only one way to
wr te a _complete factorization .of any counting number except ; for

Definition., If a Ttounting number is written as a
'product of prime numbers, thisfproduct i1s called. a
complete factorization of the givén number.

—. — :

Example’gz Finq a complete factorization of ‘T2,

’ .,
Method I . . Method IT .
72 = -8 x 9 : : Using continuing short
72 = (4 x 2) x (3 division
72 = (2 x 2) x 2.x (3 x 3) o 2 e
72 = (2 x 2 x2) x (3 x 3) : 2 36
_— : 2 [18
: | 3 L9
) . Using exponents, .
72| 3\5 32; . 72 = 23 x 32
2

X 3 X 2 1s the same. as

the order in which the prime factors apbear.*

This property 18 given a spectal name:
The Unique Factorization Property of the Counting Numberss

In fact, a very fundamental

Every counting umber greater than 1 can be factored into
primes in, only one way except for the order ‘in whigh they oceur

in ?he product. s ' % %

; h% :
%; é 2

",

§
( » 85
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Here there 1s another reason for excluding 1 from the set

of prime numbers. If 1 had been called a prime, then 5 could

have been expressed as a product of primes in many dirferent ways:,
5x 1, 5 x4 1, 5x1x1x1, ... Here the produg% would® not be

v
Y

- Exercises 3-11 / .

List the.set of factors for each of-the following: "

a. 10  b. 15 ‘e¢. 9 d. 18 e. 27 « f. 24 . g, 11°

Write a complete factorization of:

a. 10 b. 15.. e¢. 9 d. 30 e. 45 f. 50 g. 13

According to our definition of factor, is zero a factbr of 6%

Is 6 a factor of zero? Explain your answers.

a. What factors of 20 do not appear in a complete -
" facteddization of -207 S

b; * What factors of 72 do not appear in a- compleﬁe

factorization of 722 SN
Find a complete factorization of: ¢

a. 105 c. 64 Te. 301

# -

b. 4o d. 345 g. 323

»
[

befinition. If a whole number 1s divisible by two it is an
even number. If a whole number 1s noﬁ,divisible by two it

is an odd number, ’
Tell whether these numbers re odd or even-
a. 3 X%Q X 6 - ,Z ‘

4

b. 128 < 37 ‘ °y
d. 3. (4 +7) ' 2 (/

e.”.5". (9 +13) .
Classify each of the fovllowing as odd or eﬁen:

. . S 33,
a. llthree. P . ¢ 3 five

d. 101

. I.

b. lefive two

From the resultﬁ of Problem 7 would you say that divipibility
is a property of a numeral or a’ property of a number? Explain
yopr answer,”
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‘%9, Copy the following table for counting number N and complete

rarars s e it threu n N
o v e
N ‘. Factors of N NumbeéLof Factors Sumho§ Factors ’
1 o 1 o 1 v 1 >
2 1,2 .2 3
3 1,3 © 2 4
oy 1,2,4 3 7.
.5 5,5 S 2 K
6 12,36 4 12 -
7 M Y ' 2 8,
/K '3 1,2,4,8 4. 15
“a. Which numbers represented by N in the table abobe have

exactly £wo factors?
b. Which numbers N have exactly three factors?

¢c. If N = pa((wherea p 'is a prime number), how many

* factors does N have? . . .
d. If N = pg (where p and\ g are different prime numbers),

how many factors does ﬁ/ have° What is the sum o§ its

+ factors? . ‘ { - .
e. If N= 2k (where k 1is a.counting number), how many <f~—
. factors does N have? - - e /{45
.7 - f, IfN = 3k#(whené k is a counting number), how many s
" factors doeg N have? ° ] .
w g If N=p¥ ?where p is a prime pufiber and k isa’

L counting number),-how many - factor§ does ‘Q have?

.'\'_ RN . ! . . . Ir ’ ' $

~3—12 .Div;gipility Tao e

" To fihd “the factors of a number, you can alw ways guess and try,

but it 1s much easler 1f you can tell from looki ét a number .-
whether or not ‘it has a given factor. From CHaptlr 2 or from

' Siéve of Eratdsthenes it 1is clear that a number Written 'in the

o : /
- ’ - s L /
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At least this
Thus :

A counting number written in the décimal system is even
if its last digit is one of 0, 2, 4, 6, 8. If its last digit

decimal system is even if the last digit is even,

is ‘true as far as the sieve you have constructed goes.

"¢

— e ——— ——r—

’ Examples' )
L 734 “is an even number since gffiylast digit 1s an even

-

number. ) N
“If 734 "is divided by 2 the remainder is 0.
391 - is an odd number since its last digit is not an even
" number. - / ' '
If 391 1is divided by .2 the remainder is 1.
\zfoouﬁting number expressed in the decimal system is
'~ divisible by 5 if its last digit is O or 5.
not divisible by _5.
" What about divisibiiity by 3? Can you tell by looking-at the.
- last digit? ‘The first ten multiples of 3 are 7 y
0, 3, 6,9, “12,, 15, 18," 21, 24, 27. ~ *
Each of the possible.last digits, 0,1,2,3,4, 5,6 7 8, and g,
appears in this list. On the other hand, .none of the following
are divisible by 3 even though eagch _of the possible last digits
appears here +also: T - ‘ ,
R P , 16, 19, 22, 25, 28, 31. . ™ .
’You can'Eee, hen, thaL you'cannot tell’whether a number is diyisible
by 3 by looHing aﬂ the last digit
! ‘ But suppe se«you add the digits of the multiples of 3. For
12 you have 1 + 2 = for 15 you have 1+ 5= 6; for 18

you have I +8=09. this means y u can form the followingv)

tabie: e /) .
&15/%8 21 /24 27 30 33 36 39

‘3 6 9 12 ©
!‘ .‘9

48 53 54 5T - 6o 63, 66 69 72 . e
92{12 8 9 ag 6 §? 12 15 .9 i

na"

s ,4‘
. y. A

v

v

o v
Otherwise it is

o
'y

3

Multiple of 31|
Sum of digits|.

_Multiple of 3|42 45
Sum of Digits}. 6,

ty

N R
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Can you make- any ssatement that seems toabe true:ahout,the sum of )
* the digits for all multiples of 3% You will see that in each case E
= the sum of the digits is divisible by 3. Furthermore, if you add -.-
the digits of any number that is not divisible by 3 -(take 25
where the sum of the digiﬁs is 75,\the sum'df the digits 1s not
divisible by 3. Can you see why.this will be true for‘all numbers?
See Problem 37In the next set. . ¢ " ' :
ot . You may netice that every third sum of digits in the table |
on the previous page is divisible by 9 and every third,multiple
.. of 3 is-divisible.by’.9. Hence there is the following test for
* divisibility by 9. . .

A ngmber is divisible bys 9 Af the sum of its digits is
divisiple by 9. Otherwise it is not divisible by 9. Y =

. pxamples: o : . .
v 8325 is divisible by 9 since 8 + 3 +‘2 +5=718 ¢
which 1s divisible by, 9. 3f 8325 +9 the remainder is 0,
' 5762 1is not divisible by 9 since 5+7+6+2=20 °
which is not divisible by 9. If 5762.%+ 9 the remainder
iS 2. » N - ~ >
It is imngtant to noticg{ghat the tests for’ divisibility which

have b en givem in this section depend on the number being written
in hhe decimal gystem. Fo instance, the number Lzl n the decimal

syste is w ittenl 3oseve - in the system base se egé This number B
3°seven is |not even in spite of the fact that its las digit is . ,
zeﬂo. Howeper,Xsince 30__ . means (3 X seven) + 0, the fact

th

t the la t digit is zero télls us that the number is divisible

“by seven, -[If.a number is wpi ten to the bése seven 1t is very easy
to tell whelther or not it is rivisible by seven; one merely looks 4f
to. see if the last digit is z'ro. o o o

"+ The property of ofe number being a factor of another does not

depend | on the way it is written; for instance), seven 1sfalways aJ ! o
factor of twenty-one, no matter how it is ertten But he test ‘
for divisibility which are given heré depend on 'the system of L

’ numeration 7p which the- number is written, . . -

3

7

1
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Exercises 3 12

- 1. ‘Fing, the' smallest prime factor of each of, the following

- a. ‘115 B. 135 c. 32 d. 48k e. 539 r. 121
2. Can you glve a test for divisibility of 6 in the decimal system?
3. Can you give a éest for divisibility by 15 in the decimal

“+° system?
4, Which of the following numbers are divisible by 2: : ,
a. llll ten b. 1111 c. 1111 4. 111

seven six . three
5. Suppose a number is written in the system to the base seven.'
° Is it divisible by ten if itk last digit is zero? 1Is it
divisible By threé if the sum of its diglts is dilvisible by

three? ) . .
*6, Answer the above qﬁestions for a sygtem»of numeration to the’ !
base twelve ’ \ / ) . . .
*7, . Find a test for. divisibility by -6 4n! ‘a system of-nnmeration;:
, : to the base seven. . P #

*8, ,\Give a test for divisibility by 4 in the decimal:;;;zemL "

-

‘3-13. Greatest'-Common Factor : .
- Consider the numbers lO and 12, Both 10 .and 12 are
".even numbers. They are both divisible by 2, or yoy may say that
’ 10 and 12 are multiples of 2 Because 2 is a,factdr.of lo
‘ and s ‘also a.rfactor qf 12, 2 is a "common fa tor"‘of 10" an:lll2{
All hole numbers are mul iples of 1. Thus l -1s.a common
factOr of the members oﬂ any set of whole numbers, Therefore,‘when
you are looking ‘for common factors you genérally iook for numbers

.- other than I, ~ ) A oo q.
d Do the numbers 12 and 30 have'any common factors: '
i writing the set of - M S\ - -

& fafsors of 12 and Set ’offfaﬁtdrs of 12 18 (1,2,3,4,6,12]

., t 'set of factors T ; | ! \

- |of 30 as shown at .| sét of factors of 30 is (12,3, 5,6 10,15,

. /the'risht ou see - L o o300 Y
that there/are several J - : ) ST o
common factors. ‘The numb ré8 1, 2, 3, and 6 are'the cohmon,
féctors of 12 and 30. ., | . o e

.‘/ Y A N




Is 6 a factor of both 12 and _ 30? Referring to the
earlier listing of these factors, you see that 12 and 30 have
the common factors l, 2, 3, anda 6. How does fer from the
other common factors° It 1s the largest of the common Ractors of
l2 and 30. Such a fadtor is called the "éreatest commo factor".\ .
Definition: E The greatest common factor of®two whole umbzrs_@_s
- th; langogo whole number which is a factor of eadh of them,
Generatly, the greatest common factor is more useful in
mathematics than other common Tactors. ,Therefore,_zgy)ﬁgil beg
interested in the greatest coﬁmon factor, a

1 Exeroises 3-13

Write the set of all fagtors for each of the folloﬁing. List
these carefully as you will use these sets in answeripg

Problem 2 ‘below. ' : .

a. 6 ‘ . e, 12 ” T el 16

b.. 8 T . d. . 15 f. 21

Using your answers,in Problem 1 above, write the set of common
factors 1noeach of the following cases: i _
a. ' 6,8 J - el 1%, 15 “e. 12,15,21
b. 8,12 ., d. 6,8,1a f. 8,12,16 .
Write the set of all factors for each of the following.
a. ' 19 ~e. 36 e. s )
b, ' 28 . Copd. w0 . f, g2
Write the[set of common fictors for each of the'followiné.

a. 19, 28(\ e, 28,40 T e~ u0,72
- b. 16,36 ©.d. T 36,45 ) £.' 19,36,45
Find the’greatest common factor .in eagh ‘of the following cases-
a. -15, 2 C c. ko, 48, 72 C

b. 18, 30 . d. . 20,” 50, 100
4. - What is the greatest common factorfof 6 and .6?\

e,

a 18 any |gounting number? . .-

What 1s t greatest common P §331~6?. .
What 1s the greate } . and a where

. i . - .
a repres - . r? , —

®. . 'What ig thj greatest common factor of ‘a and a Where '
)
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. 8. Let a and D represent any two differefit whole numbers L
where a < g, . > )
.- a. Will a and b always‘have a common factor? If so, what
- is the factor? . - . .

s b, Let _g‘\feprese?t a common factor of a and b, Tan

¢ = a? If so,/glve an example.
c. Can ¢ = b? If so, give ad example.
9. Suppose 1l gis the gregtest common factor of three numbers.

. Must ohe of the three ‘numbers be a prime number? If not,
T write a set of three composite numbers whose greatest common
fgetor is 1, e

10, . In finding the greatest common factor for a set of numbers it
’is sometimes troublesome to write.out all the factors. Try -—
to find a shorter way of obtaining the greatest common factor.’
Assume that yOu are to find the greapest common factor of

36' and 45, ’ 4 ,
a. Write a complete faetorization of 36 ,and, of hs (List
. _ "7 all of the prime factors of 36 and of U¥5). .
S - ~  Example: 36,-.2~2~3-3~3_22~33'- : :
55 =2 + 2 . 2 =2 .9 .

b. What is the greatest eqmmon factor of,.36 and 445?

c. Compare the 1ist of prime factors of 36 and 45 and the
greatest common factor of 36é gnd U45. Can you see a,”

' shorter way of obtaining the greatest common factor?

* 11, Factor completeiy each number in the following séts and find
r . the greatest common factor for each set of numbers, )
N a. J[24; 60} : . d. {24, 60, 8&] . )
b, {36, 90} ’,e.' {42, 205, 147). .
- e, (72, 108) "ty (165, 234) /

*12, a. Wnat is the greatest common factor of 0 and 6?
' b, What is the smallest common, factor of O and - 62
» c. What 1g-'the smallest common factor for any two whole
.numbers? ) S .




*13. You have 1 arnEd about operations with whole numbers; addi-

’r tion, sub action, multiplication, and di/ision. In this

i

! section u studied the operation of finding ‘the greates.t

problem bnly iet us use’ the symbol "A " for the operation

»“
\’ scommon factor. This is sometimes abbreviated G.C.F. + For this

/]’.

.F—*Fof'wny—wtrore numbers, “a and b and cf
a4b= G.C.F. for & and b

., or &8 c = Q.L.F. for a and ¢ :
JExample -~ . 12418 =6 S ‘
s . [~ 9a15=3 -
“ a. 1Is %he ‘set.

b. Is the opgeration A’ commutative, that is;s does
‘a ADb=baa? - M e d

L (bAc) (aav)a c"

-
-

. . P

3-1k, - Re'?nainder-s in Division ’ . e -

1s shown below: ' 3 Remainder 1 f ';‘r‘v e

s _ -To chec the answer Use the following idea‘-'
- ‘ = (5 x 3) + 1. ;
In the division problem' above, the 16 'ig calie’d §

the 5 1s the divisor, the 3 .is the guotient, é;lq"'
the rema.inder. ) “ g

1 e Ve
R LA

of whole numbers closed under the qperation A?

-~ ) : .
c. Is the .operation A associative, that is, does -’Jx T

. Tge usual way of finding the answer to this division problem

i«.{‘

Y

Y
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Let!s try another example., Dividg 253 by 25. /
/ a g 25 Ja53 .
25 ~
_ ' = ’ . =
/. Does 253 = (25 x 10) + 32
In division: ' .
’ gividend. = (divisor X quotient) + remainder e
Using mathematical symbols, where ) )
"3" pepresents the dividend, .
"p" pepresents thé& divisor,
"q" represents the quotieinj;,'
"R" pepresents the remainder.
This division relation may be expressed as follows:
) a = (b -+ q) +§/R
~—- Consider the Yollowing examplé in divisién: .l .
. ’ ‘2 4 Remainder 23
- 25-J623
. - 50
\ 1273
R 100 s
- ) 23
“Vou can write K . |
- 628 = (25, x 24) + 23. . "
This follows the genpral form: - *
o - " dividend &= (divisor x quotient) + remainder ’
.'.'ﬂ‘»:;' or. | T
=(:q)+R N
e ' . $ ) s
/. /‘ ."i‘ ; - /! / Q ’
v ‘ » - - " / )
v
« Y
: ;, . A D .
. L - :. ) * \ by
¥l ! ( N L / '




..* . Exercises 3-14% -

.

Copy and complete the following table. Do this carefully
as you will use the table‘in answering Question 2.

ple. p
e.
n any whole n ber appear as a quotient? If not gﬂve
n example. ’
18t the- remain er always be some whole number9 ’Explain.

-EXAMPLE 9 y 1
a. 41 13 .? ? |
b. 59 ~ T 2 5 ~ 9
e ? 11 6 ) 0
.- 7 . 3 T\ 17
{ . 81 . ? 2 \ 0
- » ’ ' I B !
2. Use the taale*in Problem 1 in answering parts <« :\5’ and c. -
a. ,Compare the divisor and - quotient in each part. Does one
of these always have the greater valu in a division
— s problem? :" ) g ‘
‘b. Compare the quotient and dividend. Which orfe has the
gréater value, if the dividend and divisor aré both
' caunting numbers? . , .
¢. Compare the divisor and’ the remainder. Which one always
~ has the greater value in a division prdblem° ’
d. Can the dividend be zero? JIf so, give an example.
e. Can the divisor be zero? If 80, give a example.
f.  Can the quotient|be zero? If |so, give.En'example. a
& 'g. Can the remainder be-zero? If'-o, give‘an’example.
3. Using the table in Problem i, answ&z the following questions.
a. Can any whole number appear as a dividend? If,not, gfbe '
an example. . i
b. Can any, whole number appear as a divisor? If hot give




\ 3 - .
- s + 88” ¢ . s
l c.. . _'\ Ve '” "\/. '?.
4, Copy and complete the folIbwing table for the division relation
f‘ ' ° - “. ' @ I A T
, .o a=(b. q)¥+ R . . .7
) T, - 5 4
- 1 ! - . ,e o _/
, a | b £ R+ -] S
s 50 P [ S 2% :
b, - 100 ? R ﬂ
c. 283 17 . L% 2 . .. |1 3
a. | - 630 K 25 ‘ 5 . %ﬁ
. - . ) . -

5. Using the table above .answen the folloning' ;’. .o
-+ 'a, Can R bée greater than b? If 8g give ; an. example
. Cgn q\ be gre&ter'than .b?” If go, give an- example.. <z<;
: . “éft.Can R be greater than the quotlentt q? If .s0, give an

¥4

>

P example. , o & .
o d.\Can any whole number be a poggyble value of b? » Explain. "
.+ .Y e./Can’any counting number. be a:possible value of b? Explain.

- 1 f. ‘Can any whole numler be a ppssible value of a? Explain.
6. Using the division.relatitn,. a = (b - q) + R, IV

where R ¢ b, aﬁswer the following. . ¥

- } "
7, g, If *b,= 11, describe.the set of all possible reEEInders ,‘ '
. ‘b, If all the possible remainders in a division problem are . é‘
v the whole numbers Iess than 25, what 1s b7 - : '

o ib = K, Wil h, one qf the following reprfsents the ’
" g nymber- of all possible remainders. ° I .
(x), K 1), Cor MRk -1).
*7. In‘Section 13, you learned how to find ' greatest 'co
factor of twé numbers. By using the d1 feion'relaﬁiop the?@?‘
; ;  1s another method'ror doing this. * ' .

.
- 3

© | “ > - ) L™
. EXAMPLE: Find .the greatest common_factor ‘of .35  "amd  56..
o . - (l) First, divide the larger number, 56, by the, analler .
¥ ‘ "e N
€ - number, 35. ; . : \ . o
/.| (2) :seéond, divide the. divisoEJ 35, by the remainder gl ’
N _ (3) -Next, continue dividing t last divisor by the last/
VN ' remaindef until thé\regainder ig 0. . ‘ﬁé B {
& 2 . v P &8 . e fRe xv"'"' @‘ o @
O , ! * ; : 1 :
f . %\.4. . h : s . "1'
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The fast divisor psed is the'éreatest common factor.
The 7 is the greatest common: factor of 35 and 5b.
Note that when 14 1is divided by 7 the remainder is ‘
0. The 7 1is the last divisor used. \4
Using the above method, find the greatest common factor for each
of the following pairs of numbers: \ . '
a. -124 and 836.
b. 336 and 812
"¢, 1207 and 1349
Is there a one-to-one\éorreSpondence between the following
set of numbers?. If so, set up the correspondence.
- a. The set of counting numbers from 1 through 11 and
set of whole numbers frem O through 10. ~
b. The set of odd numbers between' 50 and 80 and the
_ of even numbers between 17 and “47.
c. 'The set of all multiples of*q%, which are less than
44 and the set of all multiples of .7 which lies between

-

L

100 and 200. | : -

o !

3- 15q  Least Common Multlple -
You have already learned a great deal about multiples of

numbers: . ,
' that all whole numbers are multiples of 1;
that even numbers (0, 2, 4; 6, .&«.,} are,multiples of 2
" that {0, 3, 6, 95 ...,} are multiples of 3,
Similarly the miltiples of any counting number can be,listed,
e The number 2 1is.an even number, and the number 3 1s an
odd’ number. Usually you do not think 'of such numbers as having *
much in common. Yet if you look at the set of multiples for 2
and the set*%@ .multiples of 3 you see that they do have some-
thing in'common. Some of the multiples of 2 are also multiples
of ' 3. For example, 6 1is a multiple of ' both 2 and 3. There
are many such numbefs divisible by both 2 and 3. Y
The set of these numbers is written as follows:
(6, 12, 18, 24, 30, ...4)
07

.

P
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Definition: Numbers which are hultiples of more than one number are
called common multiples of those numbers,
6 and _12

"Common" means belonging’

to more than ome. / Thus are common multiples of 2 and 3.

Defihition: The least common multiple of a set of counting -
numbers is the smallest counting number which is a multiple of
each member of the set of given numbers.

_Note that O. is a common multiple for any set of whole
numbers. 0
be used as a common denominator. 3 with a zero )
‘Because you cannot do so, you will be interested only ‘

-

However, in’adding'or subtracting f}actlons, cannot
Cah you write .
denominator?
in the least common multiple_ other.than zero.

Suppose you wish to find the least common multiple of 12 and”

18, First, 1list the sets of.multiples of each:
Set of Multiples of 12: (0,'12, 24, 36, 48,760, 72, 8%, ...,}
Set -of Multiples of 18: ‘{0, 18, 36, 54, 72, ...,}
\ The set of common multiples of 12 and 18 1is. (O, 36,Q72, '
108, ...,), The smallest counting number in this set is 36,
Therefore, '36 is the least commonAmultiple of %2 and~%l8. T
. ' Exercises 3-15 ., = . e
1, :Write the least common ‘multiple of the elements of each of '
the following sets. . g
a. 6 and 8- b. 9 and 12 o N
2, Find the least common multiple of the elements of each of
the following sets.
a. (2, 6, 7] b, (8, 9,.12)
3. Find the least common multiple for each of the following sets: ’
a. (4, 6) c. (10, 12} R ‘
4 b. ' {6, 9] . d. (10, 15, 30}
4, Answer the follpwing: . ‘ T
a. '1If ¢ and d are compcelte ccunting numbers'can ¢ .
« or d be-the least-common multiple? ' Write &n example, '
to explain your answer, . o '
b. If ¢ and'd are composite counting numbers, must ¢

of d be the least common multiplé?
to .your answer. b

98

Write-an example

™




.a. ‘What is the least commong?multiple of 1 .and 6% .

#
a, What 1s the’ least common multiple of *6 and 6?2 5
What is the least common multiple of 29 and 29‘7
c.' What 15 the ledst~ common multipJ,,e of a.. -and a: where:-

a is any counting numhe%‘? . ‘w' W

¥

b. * What is”the least common multiple ‘of' 1 and 292

c.. . What is the least sommon fultiple of 1 and’ a-. where
‘a represents a@unting num%er‘7 ,
a, It A' and b  dre. diffgrent prime numbers, can a or

b reogesem? the least,,lcpmmon multipie of” a and b?-

b.s If a End b, are d:erferent prime m;{nbers how can you '

< r‘%reseﬁ& the J‘east common mui'ciple of . a and “b?
*c,” If ‘%’ b, and ¢ are di“i‘ferent prime numbers, what is
o ‘the le@st common multiple of a b, and c? ° -/ .

Study the following esaample Try to discover a shorten way
-'to detemin\the leas% cotmon multiple, ‘

. EXAMPLE: To fiAd the least cSémmon multi-ple of 4 6, and 8:

%

« (1) Fingt, wgite a complete factorization f0r each

b. '-1Is thef'e a greatest common multiple of a'ny set of counting
! B . 8 . - %
numbenrs? . g : *

2. numbﬁ* & - . , <0 e ¥ L
. 2 R N %, I .
> k=2 s Bm2 3 .8 = 2°, U
(2) The ¥east cdimon mulgi%le. is 23' » 3 -or- 24, .
(3) Note.that 2° . = 192, lwhich,‘issa i -,
- 3 comhon multiple of 4@ 6,, and 85" but ot he “least
ﬁqw find the,slea%t common multiple of ﬁgch set ‘inﬁthe-following‘ -
parts. .- -_ Ct S *&@ LAY
a.. 12, 16 . T, 10, 14, » :k ..
* b, .14, 16 - a4, 5,6 .. .
a, Is'there a greatest common multiple of 3 . and 5‘7 'If so, #
, write an example - fu . - ’

b

1
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t * ? . -
. 92
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*10. "a. May O. be considered as a multiple of zero? (Does
0 ¥ 0.=0?) '
. b. May O ,be considered as a multipte of s:.x‘7 + (Does
6 x 0= = 07?)
, e, May O be considéred as a multiple ofﬂga if a 1is .
any whole number? Yoo '
~ * d.  Assume the least common multiplé was defined as "the B
v smallé%t whole number" instead of "the smallest
- counting_number . What would be the least common
’ multiple for any set of co®hting numbers? ’ ,
e, Using the correct, definition for least common multiple,
° is there a least common multiple for any counting number
and D° . ) ' T
* - ) Review Exeréises ’
1. Find the g v;eatest common factor of ‘the numbers in each of the
following sets of numbers * .
a. (23, 43) - _d. 7h, 146) SR
b. (66, 78} e. (45, 72, 252}. .
. c. {39, 51) ’ JEo th, 92, 124]
~2.- Find the least‘pommon multiple of the numbers, in each of the
©  sets of numbers in parts 'a. through 'f. in Problem 1. .
%; 3. a. Find tne product of the members of each set of numbers
T in Problem 1. .
b. Find the product of the greatestﬁcommon factor and the
i least common multiple for each set of numbe;g in Prdblem -1,
(Refer to your answers for Problem 1 and Problem 2 9
) c. How do your angwers for a and b combare? .
v b4, Let a and b represent two counting numbers ‘Suppose that
the greatest common factor of a and b is 1. ' .
" a.  What is the léast common multiple of a and b? Give i
‘ an example to gxplain your answer. ) /;/ S
> b. Would your answer for part a., be true if you started wifh
three counting numbers ‘a, b, and c¢? (Remember, the' .
greatest common factor is l.) Give an example te ekxplain ’
- your ahswer. ] , o _ " ’ .
4 - 100 . < P

%
.
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5. a. Can a prime number be even? Give an example to explain

your answer. . ' ¢~

b. Can a prime number be odd? Give an example to explain

your answer,
c. How many prime numbers end with the digit S?
d. With the exception of two prime numbers, all primes
-end with one of four digits. Write_ the two primes
which are exceptions.
e. _Write the other four digits which occur in the ones
place for all primes other than the exception you
. feund in part d. '
6A Suppose the greatest common factor pf twn numbers is the
same “§»Lheir‘yeast commqn multiple. What must be true
about the numbers? Give examples to explain your answer.
7. 112 tulip bulbs are to be planted in a gardent,\Desbribe
. all possible arrangements of ths"bulbs if they are to be
planted in straight rows with an equal number oi bulbs per
oW, g S .
8?”'5&8”béiis are»set so that their time interval for striking
' _is different. Assume that at “the . beginning both of the
T bells 'strike at the same time. . {
a, One bell strikes every three minutes and the second
strikes every &ive'mrnutes. If both bells stnike
. together.at .12:00 o'clock no$n, when will they

»

E again strike together9 R - K
\Eb. One .bell strikes every six minfites and the second %ell
- every fifteen minutes. If both’ striké at 412:00 otclock
e noon, when will they again strike together? - -

" ¢. . Find the least commoh multiple of "3 and 5: and of
L A6 and 15, How do t se answers compare with parts

a, and "b.? S . ‘ .
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9. a, Can the greatest commdn factor of some whole numbers ever
\ be the same nymber as the least common multiple of those 3}
~ whole numbers° 1f so, give an example. : )
b, Can the greatest common factor of .some whole numbers ever
be greater than the least common multiple of those’ numbvers‘7

N 80, give an example., *

c. Can the least conffioh multiple for some whole numbers ever
l “be less than the greatest common factor of those whole {/ o
. ’ numbers? If so, give an example. . ‘\_‘ . L :
*10. a. Is it possible to have exactly four dqmposite numbers
‘betwesn two consecutive primes? If so, give an,example. °
"b. IS it possible to have ekagtly five conseeutive composite .
numbers between two censecptive primes? I?'sq give an
A example. ‘ ‘

*1I. Giver the numbers 135, 222, 783, 1065. Without dividing °
answer the following questions, Then check .your: answers by
dividing. C W ' v T
a., . Which;numbers are divisible by " 32 '
b.:" Which numbers are®divisible by 62 | _

., < Which numbers are divisible by. 92 |, . ‘
‘4 d. - Whjch numbers are divisible by 52 ,

- "Which.numbers are divi#ibie by iS? ) .’° J

» f. 7  Which.numbers are divisible by 42 o R

? *12. Ten tullp bulbs are to be plantéd so that there will be ,

‘exactIy five rows with four bulbs in each Tow. Draw a ddagraﬁ -
~of this‘arrangement DT . ~ ,

*13, Do’ you think there is a lafgest prime number9 Can yoi g’hd .

it or can you give a reasop why you think there is no

gre test one‘7 , -

»
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3 + ‘
g*h{f he had to pour 4 cupfuls of water to £ill a container,

T Effj;ncup :

‘

%
X

a‘.

'then he said that tbe cup ‘held 'E the amount of water in the -

. f‘;»
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4-1. Histo

-

'Chapter y -
THE “RATIONAL NUMBER SYSTEM X ‘

of Fractions

Man has not always knpwu about fractions.

1

-

. -
. N

-

N - . L]
Historfcally, he

introdueéd fractiops when he began to measure as well as count.
If .he divided a

then each part w

kS

- e ~

-

L
¢

‘

container. .

.

gl

g

i

t

‘

i

- only unit fractions and the fractions,

fractions°are fﬁactions with numerators of 1, suchgas Ey

5

1

o

The Egyptians worked with fractions.

; ’ Y
A _Y ) LI - L
' :
T T/
h * d 3
. At first they used
5 end % . Unit.
R

The”Egyptians used ,the notation

Lot for ly that

is, tho.numeral Tor 5 with & special mirk written over it.

v

B

¢

;g% _

B VT |

+

+

Hhen\fhezhhad to use other fractions, they expressed them in .
terms *of unit ﬁractions° -

8 . *

The Rhind ‘Papyrus (1700 Bc), copied by the scribe Ahmes from
an 01Qpr document now lost, has a set of tables showing how to

express fractions in- terms of unit. fractions.

.!“

L

103

"6Q‘ 60° (3600), and 603 (216 ooo), ete., because the bage OF

-"

e Babylonians usually used fractions with denominators of

~e
-

ece of string into two parts of. equal length, '
as long as the original string

v

."
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thei;' system of"notation was « 60, Since our. unit_S* of time are
borrowed from the’ Babylonians, an hour is’ divided into gsixtieths,

T calle‘d minutes, and a minute 1is divided into sixtieths, called

seconds ° .

Roffian ¢hildren primarily' learned .about fractions with denomi-

— .nators of twelve. They €id not have symbols for fractions but i

2 ’ they did have names for fractions such as -1-2, '1?’ '

Over the.years many other motations were used, Our present
notation with the fraction bar "—" came into general use in
\ the 16th century. : o )
? A number may have several names. Several names oz_; numerals
) for the same numper are_ 6, » 2.+ 3, 3+ 2,. Some othep names '

L .for this number are the fractions T -l§2- ,‘-138- , -211- . Each

fraction is a name for & certatn_number. The fractions %- , %,‘

_3_ Y :,; 155 ’,I68_ ) repres!ent one number._ The fractions\ % 'y 16I ,
% %" %(-)5- , -i—g ‘ represent another nixmber. ‘Suoh numbers_ are
caﬁled rational numbers. Nume.rals for other rational numbers are
7 8 3 . - . . <
e 1. ‘5 s L & . . R
How do you ‘check the division problem~ )
BN - L. 12+ 3%=h4 "

/ , -
" You multiply 3 by & to see if you get 12. When you divide 12 by
3 you are findihg an a.nswer to the question:
3 times what “number equals 127 -
- or

3 .2 =12
It is Detter to use a letter such as "x" instead
-of M9M for the number , s in . ' o ‘

, - - < 3 . 12 . . . )
If you replace X by 4, the number sentence,
3 =12 )

_1s trie. Mathematicia.ns usually write -3- instead of 12+ 3. 8o )

they write, -3- =
" 4 . L

- ' ) 104N S
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. ¥With the pew ymbol for division you can write, | ’
f ' 12 _y bécausé 3 . b =12, . Lo |

/\ ) g-l=3becausé2..3=6

. ’

. Because 2 _ Yyou can replace 4 by %? in 3 . 4 = 12 and write
J' 12 <
. = 120
‘ ) >3 : <
. . 6" _ 6 '
Similarly, 2 5= .,
, Ir X = g-, then 2 . x = 6, &
o~ if X = %-, then 3 . x =7,
Clags Discussion Problems. - .
: . 510 ‘ ” T
1.. (a) Irx = =, 2 . x is what number?
L . ;o i LI ¢
(v). 1Ir x’=_%; s 9 . x is what number?
{ (¢) Ifx = g-'; 2 + x is what number? '
’ . 2. For each of the following givena fréctibnal name for the
Y number represented-by X. ) T
v (a) 2. x=10 (e) 9. x=14
(b) 2+ x=5 } . (d) 4 .x=213___ .,

-

In general, if a and b abe whole numbers, and b 1is not zéro;
_‘% is the number x for which b - x = a. Because it 1s simpler,,
a symbol such asj b » x 1is usual;y qritten bx, and 8 . x .is
written 8x, The ﬁultiplication symbol is still necessary in ’

writing a symbol such as .8 ¢ 6. Why? You have heard that
.division is the inverse of multiplication, Here this is used to
‘chhpge the d@estion ,% = ? .
to , **b . ?=a, ° )

&

Q
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A symbol " -" wheré a and b are numbers, with b not"
zer?, is called a fraction. If a and b are whole numbers,
with b not zero, %the number represented by the fraotion, S"
'is called a rational number; any number which can be written in
this form is called a rational number, For example, 0.5 °

© pepresents a rational number because the same number can be
.' written %n A fraction is a name for a rational number juét as

* numeral 1is a name for a number. Different names for the same
number are: : :

< .

63 ‘
~ 5,11,8,5. 8.
The names - ) ) P 6 ,
o 2
: - -»'2"3:‘5%
are fractions. BN . .
Sometimes % is a whole number. This happens when is a

. factor of a, and only then. }
Two fractions which represent the same number are called

-equivalent fractions. 7.
o . Exercises 4-1 - - e
1, Give an examplé of each of the following kinds of numbers.
. (a) Counting number. ' ¢

{b)., Whole number, i
(¢) A whole number which is-not a counting number:
(d) A rational number which is not a whole number.

. 2. 'Which of the following represent rational numbersO

(@ 2. . Tt 0as (o -

(5) 2 o (@ 4 . :
3. Copy dnd.complete- the following statements.
(a) 1Ir x = 3, then x =5,

3 — = ,
Al '(b). N 6 . _ N . a - . '4-
PR 4 If x , then X = . .

z

b {e) 1P x '% , then X = C

(a) 1f X = 121 , then X = . -

——

» ' A

.
. .
.
{\ «
.__]: chf\ . T SO e fet LK 3K q,-,-tQ AL T Lok —— -
= N

4
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4, For Problem 3, in wiich cases is the number x a whole
number?, When x 1is a whole number, write it with a single
digit. ) .

5. Without dividing or fastoring, decide which of the following
statements are true. As an example, tq shoy.that lg% = 8,
multiply 8 by 21 to see if you get 168. )

 (a) -2%;, = 16 S . <
) L = 6n ¢ S
15251 _ 109 o N "t
(e) =i = ¢ .

*6, ! For each of the following, write a number sentence which
{: describes the problem in mathematical language~ Use x
for the unknown number, and tell, in each case,“for what

it stands. ' ,’\, s . @ . s
*, “Exampie: .Samts fathgr is sawing a’ twelve-foot log into 6
N X l; equal lengths. ~How long will each plece be?
o Answef:l If x' is the 1engté of each piece in feet, then °
) 6 - x.=12.

\J
(at Ir 12 cookies are divided equally among 3 boys, how
many cockies does each boy r-eceivé"7
(b) Mr. Carter's ¢ar used 10 gallons of/gasoline for a
. 160-mtle trip. How many miles did he drive for each’
\ gallon of gasoline- used°ﬂ - = ) L o
: {e) 1If it takes 20 bags of cement to build-a 30 foot walk,
Jow much cement is needed for each foot of the walk? )
+ (d) Thirty-two pupils were divided into 4 groups ©Of the
-, -Same size, How many pupils were in each grnup° )
e ) (e) Ateachef has 12 sheets of paper t? distribute, eyenly ot
in a class of.24. How much paper will each pupil
receive? .o . ' R G

-

. .
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42, Properties of Rational Numbers
You have seen that the whole number 3 can be written, % s
which shows that 3 4s a rational number.' In a similar way, you
can show that each whole number is a rational number .
When you studied whole numbers you learned that the whole
numbers had certain properties Learning about rational numbers
. is made easier by knowing that the rational numbers have some
of the same properties. | ) . .

You remember‘that the sum'of two whole numbers is alyays b
a~whole number, and the product of twoé whole numbers is always a
« _whole number. That 1s, if a and b~ are whole numbers, there

1s a whole number c for which a +.b = ¢ and a whole numbér d
(for:which:a - b =4d. The set of whole numbers has the closure
) property for addition and multiplication ,
The set of rational numbers also has the closure property
, for addition apd multiplication. The sum of two rational numbers

[

is a rational- number You know that §-+ § = %-, %% + % = %? s

%5f %-= g-, 2 + F % The product of two rational numbers -
i1s a rational- nu_mber.‘ Notice that %- "%-: -é- s -;— 1?» = %% s
-15- %—=2— . In precise language this can be stated- ’
‘ “ 1) ' The set of rational numbers is closed with ‘respect to .
the gperations of addition and multiplication . !
You know that 3 + 4 = 4 + 3 and 3 - = 4 . 3 because, for

the whole numbers, addition and multiplication have the commutative
property Trae se operations also~ﬂave the commutative property

for the rational numbers ! Xbu know*that'— + %- 2-+ T and -

2 % .In ecise language this can be stated:
5‘ /

“ 2)' The operations of addition and multiplication for the
rational n ers have the commutative propertx, that 1is: I
;;/4/ : a+b=">=» + a and a b=">»b¢-a " : .
. T

11 - ~




You alsq remember that 5 + (3+4)=1(5+3)+ ﬁ, and
5+ (3+ 4) =(5-"3) . 4, because addition and multiplication’
have the associative property for the whole numbers. For the .
rational numbers also, these operations have the associative

+2) =

Propeqty. You know that.%-+.(3

% '— -—) = % ?L) . %ﬁ. In precise 1angﬁage, this .,can be

stated g
*3) The operatﬁg s of addition and multiplication for the

rational numbers havé the associative property,. that is:
a 4 (b+¢c)=(a +Vb) + ¢, and a(bc) = (able
From the distributive property you - ,
know,that you get the same result if you think of 5: 5 = 25
as you do if yod3tﬂ%nk of 5+ 2 +5¢« 3 =10+ 15 = éS. For the
whole.numbers& multiblication Is distributive over addition.
}he distributive property also holds for the’rational nunbers.
You have used this property for the rational numbers when you

multiplied L%— by 5. Inour symbols, 5 (LESE) =5 .« (4 + %) =

3) + = , and %hat

°

-

J e
W +(5- %)= 20 + 1§= 21. In precise 1angdage this can be

stated;
4) .The operation of multiplication is distributive Qver

addition for the rational numbers; that is: , T
. - (b+c)=abﬂt«ac .
. Among the whole numbers were two special numbens 1 and® 0.
These are a1so rational nhmbers. o

My

.

5) Among the rational numbers are special numbers 0O and 1;
.0 .1s the identity for addition and 1l 18 the identity for
multip;icationi -

.
B R

e A : e

i
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"#8ince 2x and 3 are names for the -same number, ‘ .

° 102 ¢

.
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.When it is said that 0 < is the identity for' addition it is’
meant, for instances that 0 4 3 = 3 + O-= 3; that is, that adding
zero to any number does not dhange it This can be expressed‘in
symbolsras- o " . f ' '

‘ ) ) Fa=a+ O=a,:v ( " ..

no matter what rational number a is. Similarly when it is said
that 1 1s the “identity for multiplication, it is meant, for
nstance, that 1 +5=5" = 5; that is, multiplying any number

by 1 \does not change ‘it. This can be expressed in symbols as:

-

l < a=a-+1=3.

You can see that l is a rational number by writing it as
the fraction 'T To see that 0 is a rational number you should

Jremember that 0 divided by any counting number is 0. 1If

x =_% » 1+ x=0 and x must-equal Zéro. In defining a

rational number, % » 1t was said that b coukd not be zero. T

You can see the reason for this by seeing what happens to % .
. X -

If x = 2 , then 0+ x = 5, _There is no number x for ®
which 0+ x 5 so thefe™4s no number % . .

: These five proPerties of the rational numbers furnish the

reasons for so of the rules you state for fraetionst These
properties may be used to establish the fact. that % = %g .
If x=3, then 2x = 3.

L. @ N ~
.

: s (x)=5-3. N ’
By the associative property, .- . ‘
‘ . 2)x =5: 3 )
‘ - 10 x & ‘ S

. 1 . . R
t X = :i%' .
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But' x 1s a name for-% , so ) ' o

3 X
oo 2 - 22
» . ’ oo 2 7 10

- -

3

If you write the last equation,
. : 3 _5+3 - S
. . 2« 527 ‘ . v
you see that you would have arrived at the.same fraction if you
had -multiplied the’ numerator ‘and denominator of 2 by 5.
Generalizing, you wild get ’ .
- Property 1. If the numeratdr and denominator of a fraction are
multiplied by the am counting numger, the numper prepresented.
is not change If the numerator and denominator are divided By
the same ¢ ting number, the number represented is hot changed.

You saw that 3 and —% are fractions for the Same nul ber .,
6 9 18
T % I2-
should you multiply the numerator and denominator of 2 to get

f)ther names for this number are: By what numbers

. these fractions? Since in 2 the numeratop and denominator have
’ no common factors except 1, this is' called the simplest form of
tne fractian. ‘ . ) e
+To Find the simplest form of -E-S- , i‘ind the greatest IR

. N . 2 i
common factor of 72 and 45; ‘which is 9 Then '

~ ‘ o -8 8 .,
| : 17;%%?‘3*5‘“ :

You may prefer to take more.steps and do it this way: VA
24

.-

'

) To write the fraction - in s Qlest form,
greatest common facto®r k

15 .1

b= kd; then by Property 1,

,

~

15

of a »and b, where a = k¢

-24_3.8_38

TS5 5°5 ¢

N

find the
_ke and

.
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’% ’ : Exercises 4-2 ‘
1.; Which of the following represent rational numbers?
T (a) T « (e) 2
Com) 3 L0 g
(¢) 3% 3 ‘ ' (g) 0.0 . =
(d) ' 2.15 ' A S -

2. Each of the following }s true by one of the prqperties of
rational numbers.. Name the rproperty in eaah'case.

~

@) 5335 (1 5-2-%
) 338 -G-D-2 (2 o+f-] .
. F 3.4 % 2
o ©aeadeseeess @) Fededed
RO E A 0 -;-+<%-+%r>==‘5- %) :
(e)ﬂ % % T Q) 5(6 7) = 6)

) 3. What is the difference between 53 of the 67 equal parts of a
rectangle, and one of, the 67 equal parts-of 53% rectangles, X
' assuming that all rectangles considered are equal in size?

*4, Find five pairs of counting numbers which can be used as
values for n and d to make the ofollowing number sentence
true: - : o °

3n = 2d. L

Compute -(ril in eath case. What is the general ru1e°

*5., Use the number ser‘ﬁence 2x 3 to, show. that Hint:
: -3 ;o

. If 2x and 3 are names for the same number then §C2x) -3, Q




4-3, Reciprocals _
v 'You know that ; _
1 1 3 C . o
2. %=1, 3. -=-1:—,—.1;*—4———1—r-15r~,—fr:1, 31 - 311-—
. \
Let us recall our definition of a rational number and See
" how ‘these products are,related to our definition.” .~

a and b-are " "1 and 31 are
whole numbers, 1 j whole numbers,
_~DFO : = - 31 A0
bx = . S s 31x = ¥

1}

X =
You know that,‘g—r is the ra‘o‘ional
" 31 to obtain 1: o
- Now consider the equation -

Sbhx
of

°

(v is la’::ou‘nti’ng number . )

. ) . <
« The ni‘ﬁnbgr "16' is called the. reciprocal of b.*™ Also, b .is.-
called the reciproc’al of }- If the product of two numbers 1s 1,

the numbers are,cg led reciprgcgls of each Q_M

You have seen that counting numbenrs and numbers like 3 R )
%&' , and EJ‘- haVe reciprocals, “Does %—have a reciproéal? Is

there a number by which %—may be multiplied to get 1" You may
know the answer from arithmetic., . 4 ,

" You know'that § - 4 =3 and 3 - %=1, s0 |

(% -

)
(3),'%— =
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You cansee that if % is multipfieé by 4 - %the product is 1. =

.

But 4. L=, Hence, the reciprocal of %— is &,
5=53 . 3

What is the product % . 7-? Why? You can see why the product

v

is 1, by recalling that % =8 - -}7 , ,

8 _1 1y _ 8y . 1 _ 1 _
F-==%- (8 >-§ S SRS AR
From your experience in multlplying numbers represented by
Aractions you probably know, without _showing all the steps,

+ that -.?— . %-— 1. The steps show why this is a true sentence,
making use of the properties of rational numbers that you know,

= 1] ¢

pjo*

The exami:les lead us’to the conclusion that & .

. d b ’ X )
.prgﬁrd?d neither a nor b is zero. - NI

‘Property 2. The reciprocal of the ratipnal number 245 thé

2% = plibbas D2 LE b = —
rational numberg, if a #0and ¥ #0." .
K] < ' ‘
‘o Exercises .4-3 // - ¢

. . / L
1. Write the reciprocals of the rationai numbe?s. .

(=) 11 | (¢) ’27/ . .

2. In the following, letters represeq rational numbers, all
diff“erent from zero. Write the. reciprocals. )

: ¢ 1 . t
m)miwus () £ (& £ (o)
/
3. Write the f‘ollowing as sentences involving mu],,tiplication,

|

and find n in each, : / L . L
(a) 8 + n "} ‘ / o ) ®
‘(b)2+11=n s / - - , '
(¢) - 64 + 36.= (/ 3 S, 5/.‘,@
4, wWrite the set of numbers co/rﬁsis‘t,:'ing of the reciprocals -of the
members of the set, q, wrlrere , - é' i
' : / C N . i B
N 3
Q = [1 3, /'E, '5, "g, 7, g’: . %
- R N - . ‘ sg

»iii‘ .

1




6.

7.

8

*9.

*10.

107

(a) when 1s the reeiprocal of a number greater than the

. ” .
number? e

: (v) Wnen is the reciprocal of a number less than the number?

(c) When 1s the reciprocal of a number equai to'the number?
(d) If n, 1s a counting number, can we correctly say that
% orie of thé following is always true?

) n>% (2) E>n, (3) n=tk

n

The product of what number and n is 1, wherer n 1is a
number such that 2n = 19?

(a) Find n. if 8n = 36. ' ’
(v) Findf>q' if 36q =-8. ,
(c) What can you say about the numbers n and q? .

The population of Cary is 16, OOO and of a neighboring citxi&

“Davis, 30,000. .

(a) The population of Davis 1s'how many times the population
of Cary° y

(v) The popuiation af Cary is how magy times ‘the’ population
of Davis?

(¢) Wwhat can you say about the answers for (a) and (b)?

v

If 14h = 5, then (—o(lun) (—)(5) (a) Vhy’ (b)' Use

the equation in (a) to find the number by which we can
multiply n (given by l4n = 5) to obtain.1.

If ax =b and by = a, and a and b are not - -zero, - Ve

x and y are reciprocals. Why is this true? - R
. . } v

-

’
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4-4, Using The Number Line
' Recall how, the riumber line Was constructed in a, previous chapter
You started with a line and selected a point which you called "O"

l ;

o9 : .
. 4

After selécting a unit of length, you marked off _this dis- ™~
tance on the ray, star rting at 0 and ex;ending to the right .
After doing this: again and again you can’ label the endpoints. of
- the segments 1, 2, 3, 'and so on, and have the picture shown
below: sec - ) N

¢ o °

-~ R W P N " -
o 1 2\ 3 4 5 6 7 8 8 10

The counting numbgr at each point shows how many segments of
-unit 1ength are measured ‘off from O to. that nt. .

To add 3 and 2 %p‘the numbér iine, st with o _and
lay off a distance of 3 equal units. n measure ff 2 -
more equal units to the

g he union of these twe segments
is that whose left end 55t o .and whose right enfl is at 5; ,
° the_length of this segment is the sum of the lengths of the otHer

tho segménts. Thus yodlhgve a picture on sthe line which shows’y
the sum: 3.+ 2 = 5, s

and lay off four segments of/ﬁength 3 as shown below o
’ T ‘
: ~ 5
LY gl A N A N S Il g A~ N ’
— 2 L 2 Y A 1 1 | W ¥ 1 1 [ 1 -
o . 3 6 9 12 .
|

This also gives a means of division. If you divide the segment
with endpoints 0 and>12 into four equal parts, each part will
be of 1éngth 3. Hence the same picture can represent both

! ‘ 12=4x3 and 3=3. S

f . 118 =
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" If you think of v 12 as designating 12 feet, the line shows that

there are four yards in twelve feet and hence

%; = 4, or, twelye-thirds is equal to four, .

In uord;- "Twelve feet is equal to four yérds" may - also be’ .

written "twelve thirds-of-a- yard is equal to four yards," since

one foot is one-third- oﬁ-a yard “
So far you have shown on the number line only. segments

whose lengths are whole numbers of units. You could just as well

have considered fractions by labeling the points differently.

For instance, you might have: |, p .
: . 2 -3 4 .
SR 1 L i 1 ] ' y L i . o
o 2 3 $ s & r & 98 "0 W B B
¥ 3 I T 3 a_[ 3 3 3 3 3 \_3 3

v . «

-

You could_ gee "from this just as well as from the previous number
line that .l2.. §) = 4 Also you can see that %; = 4 +.%
from the same number line. )

Recall thax Property 1, expressed the fact that you can-
multiply the numerator and denominator of a fraction by a cbunting
number without changing the number which it represents. If the *
denominator is small you can' show this on the number;line. For-

instance, % = 3 can be seen from the following°e

a
< ¥

-

*

als T oo
]

|

1

— —+

S’ |
K

oln 1 »i-

Y
3
LN

4 Property 1 gives us ;/;;y\)o simplify certain- fractions,
It can also be used to show whether or not the numbers represented :
2.by two fractions are equal.

- > -
. ~
i Y B 4




Exa:nple‘l.’ Suppose you have the que.sﬁigl;}r
e 6_8

, Is Y

This can be answered by finding th% simplest form of eam

of the fractions as follows:

- e riai2 e &ozediz
g 357573 M. w33 L -

Since’ each number is equal to = , the given numbers are equal J;o"o

~

’ E

>

each other., . ‘ N

Example 2, I8 {25- equal to -12% ?  Now,
Example 2

' b7 T2 7.
> %:%.and 5_2‘— .2 "T.

s 2

s % equal to JT ? Whatever your answer is, can _you give a. rea@on? ‘
You found that it 1s easler to compare fractions if they have thgr

sgme denominator. Phis suggests another method which you may., _n ,
-2

use to answer the questiory, "Is. 3 equal to I'I ?"  You ¢an rewrite

5

the two frac'cione with a common denominator, that is, having the
same denominator. This denominator must be a.multiple of both 5 |
and 11l. The least such denominator‘is 55, since this is the . -_‘
least common mulé*ﬁﬁ:gy of 5 and 11. fThen - , S
. > , oy 9 - . .
" shows that since you multiplied the denominator by 1)} to get
5 . 11, you must also multip\;(.'_y the nr.merator by 11, that ig, you

. mus't* alsoﬁ?il’.l in tife- question mark 'wlzl.'ch hus
r-— ““‘ ;
. ' ! % = L.—TI- = 22 ’
5 55

¢

and simil‘arly

) - wlrr‘?%%'

Therefore 195 is not equal to ;2? .
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. Exercises A4-4 ,

(a) Consider the points labeled A, B, C, D,.E, and F on
\the number line-

‘
. '

-
L,

h J

O

L]

K 0 D E | C

4

Give 3 different-fraction names for each of the points
A, B, C,sD, E, and F'as:
A % ,~% » ___; ete.

(b) Is the rational numbe:’docatedsat”point B 1les3 than or
greater\than the one located at A? Explain your
answer,

. \ ‘ > g

(¢) 1Is the rational number located at C 1ess than or

’ .greéter than that at A9 Expla;n your answer,

r*~

2. Interpret gn the number line the following

(a>359=u o) a8 o (c);l

a

3. Express each of the folldwing as a whole number added to a
\ rational number less than 1: . ..

wh@ € < -
Y 57 L 1 .
ta) 35 (b) -531 ) _
) er-line the e ity; =2 ‘ ' i
. Show .on the numb r-line the qua‘* yi g=143 . .

5. .Show how to subtract on the number lipe for each of the )
;;M following: - ) ' '

() 3 -2 C ) 9-5

*6, %n the Example, you found whether two fractions represented the
same number by writing each of them as equivalent fractions
with equal denominators. Could you also have found whether
they represented the Same number by writing each of* them as
equivalent fra tions with equal gumerators? Remember that
e fractiong were called "equivalent"‘lf they represented the
ﬂnsame number, \;w - -

= s -
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4-5. Multiplication and Division of Rational Numbers

You'recall that 3 - 3 =1 .and 3 - £=2. In general if
a and ‘p’—are whole numbers, where b 1s not ze'rg,

.

g i1 ang 2.
b b—-andb 5= 2 .

What -does 2 . 2 equal? You Zan.find an answer if you ean - _
L. 7 b ’ ) .
bs

find a humber for which - .
\ ‘ * X = ;— * 2. ' ’
But then, x and ;- + 2 are names for the same-number, so :
that : : o
Tx = 7(?{- . 2).
Using the associative prc;gerty for multiplication : . ’

- ax = {7 ;) F2=5-2=10

You 'stgrted‘ with x = % + 2, and yéu haye' shown that x:i_—%—z- s SO '

© L 3le-ngr

- -
.

In general, if .a, b, an® ¢ are whole numbers and ‘b 1s not
zero, . “ .

.c'OE.'—.- (
b~ b . - :

ot Similarly, you can find a number, x for which T

.\"_g..i.
(| x—3‘ 7.

Since x and %- ’ %—ar}ﬁ names for the same number
. ¢ 2 ~
. 3% = 3(3 ) ‘;—)-
.* Using the asso'ciati—ve property,

-

r .. - .2y . 2
® _' 3x {3 3) ;’ ) "
S Bx =2 - 2 L .
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But 3x and —7-15 are names for the same pumber; Thus —
- . , ) . N " 2 ) ~
S 7 %) = 1E2)
N ) ) ~ ' < i
¢ . . (3x) = 2’° 5 o "
Using the associative property for multiplication,
. : ) (7 3)x~— 2 -5, \“ ’
You started with x = % ; a.nd you have shown that X = ;—% ’ .
80 . .
. 3 . -2- . ? o 2 . g - , ., .
. . 3 3 %o " N T Lt r
This example shows. that: - ’ ’ "

To multigly two rational numbers written asffraotigns you
— find a fraction whose numerator 1is the product of the numerators
.and whose denominator is the,product of the denominators. )
) * In symbols, if is- and are rational numbers,

. .
’ i’ * SN
. . .

a.c_a~c _ac, - .
P v 5.3 54

+

You can use this property to reduce —6- to simplest form, . -
—_—N\

instead of Property l in this way

RS %3—«  -

You can+éven show Property 1° for the rational number— this way
if k /1/s not zeros ' ,

b
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In this chapter you learned that'you could write 5 + 3 as
3 N '

% . If a and” b gre any two numbers where b {s not zero,

~

» you'can write % i?steéd of a+Db., If a and b are ratlonal

. numbers, % and'% , for example, yoﬁgéan wfite

, o2
' %‘* i_ .2
21 v
-‘ ‘-2 M
" Notice that the bar between g-and %-is longer than the other,

.

“two bars. . .
When you studied inverse operations you learned that multi-
plication and division were inverse operdtions. This means that
' : 8 wiro. u-3 g "
= 2 -

and only then. ¢This same relation hélds between multiplication
[y C -
and division if a, b, and x are rational numbers, and b is

not zero. That is, . «

a . E%i -

. \ / ) '5'= X if;bx =¥—$ ~ %‘.‘:% - ;?’
' ’ TV R L R v ~

and only,then. For example “ N R VI <

4 ' BN
P % > pEFF R & <
é\i-\x

and only then} Hére x % 3‘makESQbotﬁ statements true. Other
"names for x are %-and 5 - ' ’ . N

As another example, look at ' ) o

-

»

e - 5

. *
o ' ’Sf,‘g“ it ex

division. ~ . 1+ -
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and only then. In the right hand equality .;x and 2 are both
names for the same number. Now'multiply this number by % s the

reciprocal of 5-, and use the associative property to get

;)-h

3

o ’; %%% o

Using only rules you have had earlier it was shown in the
éxample the reazson for the following statement ,

°

To find.the gquotient of two rational numbers written as
fractions. you find the product of the numerator and the

reciprocal of the denominator. In symbols: ' .

-2 .,4
b o V7

3
a|o|o1m

7
It is not even necessary to remember this statement about

dividing one rational number by another if you divide in the
following way. . .

L

R

5% ; %% :

ey

You mefely have to look at the denominator and decide what
numbep you must multiply it by to get the number 1, then multiply
numerator and denominator by that number. .

L]




In an earller chapter &ou learned .that the whole numbers |
were not closed for the opération of divisionz In this section
a method was shown for finding the quotient of any’ ‘two rational
numbers, a ‘and b/ b not,zero, The operation of division does
not allow dividing by zero. Is the set of rational numbers, with
zero omitted, closed for the operation of division?

Bxercises 4-5 . .

1. Find each product as a fraction in simplest form. Before
you multiply, express each part of the product as a single

‘fraétion. For example % (2—) =% . %: -185-

(a) 8- (2§) (v) (3%.). 2)
(c) 12 - (53) (a)- (28) < (33),
(&) h - @ (1) (1) - ()

Find the number r for which the following statement is

true. ‘. *

On a road map 1 inch représents 10 miles. If the distance
/on this map from your house to school measures lg-inches,
how many miled do you live from school?

Write each of the following quotients in simplest form.
Factor numbers whenever it 1s ¢o'your advantage.

@ £ @ B ;
. : J
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5. Find the following quotients. Express each answer as a
whole number, or as a whole number plus a nwhber smaller

than 1, . )

¢ 1..1 : . 2.1

(a)& T8 : o (e) 371

(b)) §+1» . (a) 5+2 .

6. Find the following quotients in simplest form. Start by
‘putting each fraction in simplest form before dividing.

.. 1 - 6 '
(2) 5 R OR 55
8 L
-3.5 - 120 ,
) F+3 () B+ -
*7. Do you think division is commutative? Find each quotient
. to see if you are right. - ' .
2 1 .
(a) 2+1 1,2
.32, () 5+3

%8, Eb'yoh think that division 1is associative? Find each quo-
»= . tlent to.see if you are right.

/

( () 2+ (3+%) ) Gt
. A2 3 ag 12
9. (a) 45 1s how many times as large as 165 >
(v) ;.is how many times as large as-% ? . ] >
e
\ - " «
g i ‘
4
k ] a-;\
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4-6. Addition and Subtraction of Rational Numbers .k
' You have examined the elements of the set of rational numbers.
You know that there are many names for the saime rational ‘number,

You have used the operations of multiplication and division. Oniy

two operations remain to be considered addition and its-inverse
operation subtraction. Let us look at the addition operation

first. . £ C
1.1

You are all familiar with the idea that 5 + 5 =2 . %— = -%- 3
4 1.1 ,1,1 1 ) ..
==4+ =2=55+%+ %+ 5% . Continui ith othe
also 3 3 3 3 3 3 ontinuing w (o} r
rational numbers, let us find a single fraction for:
) > * 2 ’ ){. )
. =+ =1, ,
.. 573 s
Using what you already know let us write this as: ‘ '
2 1 _1 1
E =2 == &=+ = -
3 > 3 3
and ll
v 1 1,1 1 1 s
== =2tttz
-, 3 5373737373
Then ‘ll( L ¢
2 1 X 1 1 1 1 1
=+ = = \F+F)+(F+xz+7+3z)=6" = =
. .3 T3 ‘3 3) - (3 3 3) 373 ]
or you may write y
27 1 1
=+==(2"° =% (4 =5
2h 5= ( (4 3) R
. =(z+u);}§=s.%“

using the distributive property to get the second line. .
What is the result of adding 2 to F s, where a, b, and ¢

\

are whole numbers and b 1s not 02 %+ 5 may be written

i}

a %-+ ¢ - %— . %By the distributive property this is equal to-

(a-}-c),%:u. ' z

?

i

At -

-y,
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If a,..b, and ¢ are whole numbers and b 1s not O, then

a _.c _a+c¢ : ) .

B + B;— 3 - This may be read in words The sum of two
numbers whose fractions have the same denominator is the sum of
the. numerators divided by the common denominator.

Let us look at a more difficult addition example:

. A X |
‘ .

'The least common multiple of the denominators 4 and 10 is 20.
You can write each fraction with a denominator 20. You recall

_3.5_ 7. 7.2 1k
that %“ %TT‘% =% ™ 517572 °5 °

Then

Also

L_- 23 - 2 =22

155710 5 715-2-350 t50 36 °
é- .
> d

similarly A QOmmon multiple of b ‘and d is bd.

& LS

Y
‘e . a_a-+d’ ad. e_b-.c_be e
: P+~ a-"%0 @ F=p %7 ’

Using what you-know about adding rational numbers whogoffractions
havs the same deroriinator you wg{ll have: .

. W . a ., g _ ad + be . .~ -
. P7"d bvd T bd
I~ : . _ad + be.” . o
e i ) - 7 bd 5 - .
Thus you may say: < " s . ’

If a, b, ¢, and 8 are whole numbers and b,.apd d-
are not zero, tHen’ ) .
b '
-C ad + be ' . -
rTe s 0
In the following set of exercises you, will see again that
the commutative and associative properties of addition as well

as the distributive property hold in the rational number system.
s -

a

nd 3 may be found 3

g




(a) & % (q) 8*16 ‘
. 2 * ,
(b 2455 () E+
) s . -
(c) 116‘*':‘5‘ %“"‘9
, ] . .
v .. .
2.. Does it appear that the addition operation for rational
numbers is commufative? . ‘
3. Pind each-of the following sums, ¥
(a)~ ("‘ 2) +'- . ‘ '
p) L4+ (2+2 ‘
(v) .5 (2 3)
() xl2.+§-)+§ . a
M(d) ”15 + (3 + 6) =
4, Does it appear that the additior operation for rational
numbers is associative?‘ . . ) .
*5. (a) Is it true that F % = %.+ % for all rational numbers
B—anda- ? ’ ) ’ .
(b) Wwhat property of addition is shown in. Part (a)?
*6, (a) Is it true tha + 7= g+ (F+ F) for all
. rational ﬁ@befs %- s % A % 2
"‘L' s"
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Exercises 4-6a

Find each of the/following sums.

. . ) N '
what principle of addition is shown in Part (a)?

‘
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b 4 ‘.
. Keeping in mind- both the commutative and associative
properties of addition you can find the sum of EE and Sg quite-
-~ easily. ' / . ) )
‘ 1
2¢+3§.-_—(2+%-)+(3+85-) .
=(2+3) + (% + g)‘ by commutative ghd
- ) = (2+3) 4+ (§A+ g) . associatiye pro ertiea.
.,_ 7 . -
? ° -5+8 .
= 5% ' '

You could also work the preceding problem this way.

1 5_9 .29
31r+38=7r8+“8-

1 9 , . R
-8-+'8- ' " .
'-8-5 .

R g

7. Find each of.the following sums in two different ways:

1, o4 5 . .13 12 | +4,23
(2) 4+ % ) Spri | (o) 2+l
8. Find the nimbers: I
0 ’ U S | a e .
(a) 3'+%' ‘ (b) (3+5)+(3+§) '(c) -

9. In each of the following examples, see if you can do the
e wopklin your head first.' Then ¢heck by -working out each ot

example on paper. .
.

0 1+ Gedh T @) P als

10. Based on your results in 9(a) and 9(b) would you say that )
division is agsociative? . ~




In the maglc squére below, addathe numbérg in each coiumnf
Then, adding across, find the sum
row. Now add the numbers in each
" ‘corner to lower right cdrner, ete

of the numbers in each
dlagonal. (Top left-

) e

‘11%-

5

© 5

co | e

!

Since subtraction is. so closely related to addition it is not
necessary to go through all the steps in developing the ideas again.

As with addition, if the fractions have

the same denominators,

then you can simply subtract the numerators and place this difference-

over the common denominator. For example:

=2 .
7.

12 9 _12-9
- 7 7

2

Since subtracyfon is the inverse operatién of addition,

‘ 2 9.2
T TS

means the same/as

written
a

‘In symbols this relation of two raéiqnal numbers may be

-

-~

when b is not O and ¢ is
larger than or equal to a.

\\> Remember that the rational numﬁers of this chapter, are not
a i

dlosed under subtraction. .

- -

e

.
. .
1




If two fractions have different denominators, you can Trewrite ‘
each of Bhem with a common denominator. Let usfuse this
example: 5 - % . . . - .

Y w5 _ b1y 5.5

- 57 -G89
2_8_..2.‘2.. . K i,
35 35 "

28 -~ 2
, 522 \
- \ 35 _ .

< d

=35 * . v
Check your}answep.by addition. ; _ $

S

As in the opepation of addition of rational numbers this same
procedure may be applied to the general case '

njo
H
ofw

FFE=G - D-¢@ 9
b b/ " b ‘ s
. ' . . = By
- 9_?. - :32 ’ bue )ﬂ‘»
= bd" bd :
\
c _¢cb - ad
] * =% -
o] - : 5, -~
Hence g - % = EE_saégf if (cb) is greater than or equal to (ad)
and b and d are not, zerg. . )

You now know how to subtract any two rational numbens'when
the result is a rational number. Look at this problem:

-

s, - P | L
: . 3% :

2 1. L )
5= and 2§-may be writtgg_if fracpional form: .

> \ :
“
’ ~ i -’
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and would do this same problem

You probabl& learned a little different way
in this way:

of subtracting -

/A | o
-2 o o

o
-
%
t

4
In the subtraction problem below

rewrite

rationafﬁnumbers in fractiopal form.

%

1t will be conyenient for us t& .
You have written

the rational‘numper 8% as %? . Now Yét us write it, in still
ano@her way. By~using the associative law you may write

1 1 _ 1 Y

. =8+ = +1) 42 =T + + =) = =,

5 °"3 (7 ) 3 7+ (1 3) T+3 Can you write )
out the neasoning, as 1s done above, for writing 7E-as 6 + % ? \
For 12§ as 11 +3 2 For 132 as 124 27 g

. 3 3
A - - ’
In the following problem: ,
1, * -
~ . 8_ ‘. : K4
| -k
- . 1 u 5 5' .
you will find it convenient to writé 8% as 7x since § is greater than
%.. But, % is not greater than % ‘ . . !
g’ ~ o ; -
. : A
: 132 :




7 o "’)‘ .

- " . 125 . .
ﬁ 3! 1 g

s 83--22-=(8+3-)-’(2+%);

5 L = T3 - 24P

~ . - SN - T 1

“. LT, a8 o = (7T +535) - (2 +~2) ) .
' ' (RS R I |

e B T .
T =5+% . '

%

=l

You may have written this. ¢
>y ) 1 _ 4 8-
& =7 =T
,-2%= 2% = 2 ¢

1, Subtract. Express answers in simplest forms.

i

S

. 1 .
. Exercises 4-6b

14 11
(a) T - %
S e

o .
() 165- %

(a) 189 --T006

) G @~ G

A ~n \

r

(r) 203~

(g) - Compare your

results for e
and f,

(h) ‘From your work f
ine, f, and g,

do "yo_u _think
; multipiication

is ‘aistributive

. over subtraé -

Hd D

bt

w

o
N

b
:
1

AEN
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‘*2. Vic, ,Mel, and &®ob built a club house.',V ¢ lives 2 of a

" mile\from the club house. Mel lives % of a mile from the
club house. Bob'lives % of a mile from the club house. In
the diagram below, A .represents the home of the boy nearest

"the club house, B , the next and C, the farthest. Which
b&y lives’at A? at C? at B? How much farther is B

from the clu Use than A? How much farther is C than .
12 - \ )

.

* .ot
3. The length of a fbeld is 30— rods. The width of the same

. field 1is 15%-rods. Find the difference between the 1ength
! and width -of the field.

t

b, Mary is making a chintz apron that requires 1% yds. of B
material. She has 4% yds. of chintz. How much,naterial will
she have left? o L )

/

5. Mr Twiggs changed the price of potatoes in his store from
3 §§¢ a pound to 3 pounds for 1i4g. ° !

(a) Did he raise or lower the price?
(b) How much-was the increase or decrease per pound?

6. (a) 1Is the difference of 17% and 6% more or less than 112
(b) How can you tell without working out the example?

7. Is the numver represented by a fraction changed if you sub-,
t"‘Et the same number from both numerator and denominator”r
. Give an example._

...
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»- *8, Fill in the blanks in the magic square below sb fthat the sum

of the rnumbers in each row is the same . Then 'fih8 the sum of
the numoers of each column and bqth diagonals \

. \\ .
- .
. . ¥ -
.

2|1 |L s )
3 | T2 .3 ,
s | 7
. n|ewl &
\ N =4
3 [ -

'ﬂ.

4.7. Ordering . )
You have had methods of finding whether two fractiohs repre-

sent the same number, It is often 1mportaht to know which-of
two gi%en unequal fractions repreéents the larger number, If,
in ¢one store you can get three apples for a dime, and in another
two apples for a dime, 1t 1s easy to see that apples are
cheaper in the first store since you get more for a dime there.
This can also be seen by noticing that in the first store yoT*get'
%% of an apple for a cent, and at the second you get only 10 kd
’ of an apple for a cent ¢ Youkmow'that %6 is greater than

f% , which can be written i

'

-

4

- 3., .2

_ o 10 > 10
On the numbér line -~ L . .

- . + '

- L2 3 4 L

% 1 © w v . . | W

o ‘ 2 ' - “,
f% occurs to the right of 15 *© - . .- .

" The problem)would be-harder, 4f in the first store, you . .
could get 3 apples for five cents and in the second store 8
apples for 13 cents. Then you would have to diswer the question:
- 8 ' -

-

, ‘ s IS%>T€'\? £ | R

- . ¢ -
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- number line, There is a better method of finding the answer,

: | . 128 - . - :

It ﬁould“require careful drawing to ahswer this by use of the

~

It is the method of the example oT/section 4; that 1is, two
fractions are found with qual denominators which represent the «
given numbers. Since the denominators are 5 and 13, the
smallest/denominator which can be used for both fragtions will be*
the least common multiple of 5 and 13, . which is 65. Then

~

o <13 39 _§_8-§;uo
o 2=L—iz_%- and —13'5 63.
Since6—5—,>%ait is also true that’ 83>% ; S

-Ei;her method shows that if a nunber line is divided into 65‘

equal divisions, the point representing é% %% lies to the right

£
of the point representing % 35 :

A fraction in which the numerator 1is greater than the

‘denominator is often” called an improper fractioh. The number

-

which such a fraction represents must be greater than 1 To

see why this 1s so, consider the fraction TT .This is greater

than ll-which is equal to 1. Thus -Z-is greater than 1.

11,
Simi}arly 2%—— is greater than 1 since it 1s greater than 3&%2
~

which isbequal to 1. , .

a Exercises 4-7 . ,

A

= For each of the following pairs of fractions, tell which
represents“the‘barger number: g

(a) -1 and"‘"g- . (b)- —g-and l% (c) lz-‘%’.nd l%—

2. If the numerator of a fraction is greater than twice its
denominator,_show that the number which the fraction
represents is greater than 2.

.
7
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{?\¥3 %If two fractions have-equal denominators and if the numerator
of the first is greater than the numerator of the second,
,///// then the number represented by the. first 1is greater than the
number represented‘by thelsecond. "“Suppose two fractions
. have equal numerators; how ¢an you tell by comparing the
denominators whioh fraction represents the larger -number?
(Try a few pairs of fractiops firststo See how it goes.)

» -

4-8, Ratios -

A ratio 1is a comparison of two numbers by division. The
numbers may be measures of physical quantities™ The«word, "per, "
indicates division. It 1s used to express the ratio of the
measures of two physical quantities, such as miles and hours.
Store prices provide additional examples, Prices relate value to

amount such as 31 00 pgr pound, or 3 59 per dozen. In each case,‘\

the per indicates a ratio, genefally between two dif rent kinds J =
=- of quantities. This is eometimes cdlled a rate. Notice further“
that the second quantity in eacpfcase represents the standard of
—~=-_comparison. A stare charges "10 # per comb"; one comb is the

standard of comparison, and they want 10 ¢ 1in the,ca8ﬁ5¥eéister \Q

Qpr each comb sold of course, this standard- does not always

»represent a quantity of one, Fbér example, cents per dozen, dollars

_per 2225 (for shoes), dollars per 1000 (for bricks)
‘“=5§;;;\ Definition. The ratio of a number a to a number b
’ ¥ (b # 0)4 1s the quotient B (Sometimes this ratio, is
.  written a:b.)
In some examples ratios are all equal to dne anotheg. In such a
situation;'it can be said that the physical quantities measured by
the numbers are proportional to one enother. A probortion'is a
statement of equality of two ratios. ’

* Then the statement .
- T ‘s 14 _2
RN - '.'2 d ?r - 3

- i1s-a proportion. ) S . «

.o




You know from the first part of this chapter that

@ 5% 0 3-8 © 3-8 @ 3-8

In (a) £ %= -g,you see that 2 -9 = 18 and 3+ 6 = 187 thus .

‘2. 9= 3.6. In (b) 1:13'"3? you see that 3 : 32 =96 and
¢ . . B N .

Y2 =965 thus 3-32 = 4.2k, Similarly, in (a) § = 3k3-,

you see that 3-1000 = 8+ 375, since 8- 375 = 3000. Check this

property for (c) g = .}g y

i\
' \
- a .
If‘ ?5 =3 and D #0 and d ¥ 0, then
a d (] b a : d .
5°3°"= 'c! 5 % .1s mu}tiplied by 3 which equals
. 1, and % is multiplied by %
ad _ ¢b - g ‘, )
Bd * 9% :
These products are obtained so that
ad be a (]
3 = 53 . the two ratienal numbers 5 and 3
will be expressed asg f?r'actions with
] a common denominator,
Thus ad = be. . If two fractions with the same denominator
are names for the same, K rational number,
e ; thelr numerators are equal

Y6u have seen: ,
Property 1. - ' ..
Ir 5 'c! and b #£0 and d ;é 0, then ad = be.

This property may be useful to you 1n solving problems
ihvolving prf)portion. It 13 also true that if ad = be, then

o

5 'd pr:ovided b #0and d #0, The proof of this property .
1s left as a problem. (See Problem *9.)

Voo
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Exercises 4-8

1. Some objects weré measured and the data are recorded here,
Copy and complete the table.

‘e

4 - Shadow length * .  Height Ratio
Garage v 3 feet 8 feet
’ C3othes pole 36 inches ' ) ' % ' >
Tree 5 T% feet 20 feet
C- ' , ) 3 \
‘ Flag pole R 144 inches B
Fence 114 inches 30 inches

\

2. ;n a class there are 30 stuq?nts of whom 12 are girls,
T (a) ‘Whap is the'ratio of the number of girls to the ‘total .
. number of students in the class? ‘ ! :
(b) What 'is the ratio of the number of boys to the total
. number of students in the%lass? .- '
(¢) What is the ratio of the number of girls to the .

number of boys? RS ' .

3. In Problem *9 you are asked to show that % = % , if ad = be

and b £0 and d £ 0. Use,this property to find which of

- the following palrs of ratios: are equal. .
' 10 20 '
‘ (3) == Io . L , } ‘
: 6 16 ' -
(b) —-3’ -g . 5 M N
48 42 i
(¢) v60 1F , 3 . .

‘ - . 139 L
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_In each of' the following, find _x_ So_that_these will be

true stétements. .
(a) =% B '
(0) 5 =5

) 3-8

v

A cookie regfpé calls for the following items..

1 cup butter 1 % cups flour'-

% cup sugar . 1 teaspoon vanilla -
. L ‘

2 eggs

This recipe will make 30 cookles.

(a) ‘Rewrite the recipe by enlarging 1t in the ratio T

(b) 'How many cookies will the new recipe make now? -

(¢) Suppose you wanted to make 45 cookies, how much.would
you need of each of the items listed above? i

Use a proportion to solve these problems. Check your work

by solving. the problems by another method. :

(a) What 1s the cost of 3 dozen doughnuts at $.55 per
dozen? - .

(b) wWhat 1s the cost of 12 candy bars at 4 for. lsf? (How

" could you state this price using the word "per"?)

(c) What 1s the cost of 8500 bricks at $14 per thousand?

(d) . A road has a grade of" 6 7%, which means that it pises
6:feet per 100 feet of road. How much does 1t rise’
in ; mile? Find the answer to the nearest foot.

. Common ufilts to express speed are "miles per hour" and

"feet per second." *A motor scooter can go 30 miles per
hour., How many fqit per second 1s this? (The danger of
of high speed unde various conditions often can be realized

'better when the speed 15 given in feet per second.) -
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8, The following table 1ists pairs of numbers, A and,B In
each- ‘pair the ratio” of A to B 1s the number g.
Complete the table,

o] a B Ratio 3 {Ratio in simplest form
. (a) | 12 14 -2 . ,? ]
S | er ~ | -
(e)| 30 ’
~ (a) 100°
& ) | 200 | N :

7 -
*9, Pfove the property;
“ip ad =bc and b ¥ 0 and d £ 0, then %-§
When you have proved this statement, you can now say
° i §=3, andb;!Oandd;lo then ad = be,

IS

and only then. s
(Hint: If ad = be, then a ='R§. You can express
, ’

: Beas v .8

* 49, percent ™

The word Mpercent" comes from the latin phrase'"per centum"”,
which means "by the hundred"., If a paper with 90 of the'answerS'
correct hag 100 answers, then 90 answers out .of the 100 are correct,
wThe ratio IG; could be used instead of the phrase "90 percent” to

‘ describe the part. of the apswers which are correct. The word
'percent” is used when a ratio is expressed with a denominator of
}00.

\\\ . - 90 percent = I%% =90 » 1%5 .
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For convenience the symbol, % , is used for the wora‘"percent"\\

This symbol is a short way of saying T%G .

16 =16700
= ?70 .

=l3 =l3<70.

The number 2 can be 'written

' ) ]2:' = 2| zoizos = 200 .970 o

In other words 200%means 200 X Té'ﬁ %%8 = 2, ‘ -

<
A class of 25 pupils i1s made up of ll girls and 14 boys. The

ratio of the number of girls to the number of pupils in the class
can be expressed many ways, For 1nstance:

‘1 _ 22 33
25 750 '1'6&51%5

If you wish to 1ndé§ate the percent of the class that is girls,
which fractlon gives the information most easily? Why? -The |

ratio of .the number of boys to the total number in tq; clags may ,
be written

e

) ‘ H: c='—d-='&§= e = f
} 25 "5 775 125 = 150 °
What numbers are represented by the letters e, d, e £ .
Notice the two ratlos _ 1l (girls) and —3 (boys). What 1s the
., sum of. the two ratios° Find the sum of the two.ratilos.

\

IUU and 185 . Express the two’ratios‘and thelr sum as percents

N .
using the symbol,% . The entire class 1s considered to be 1009,
of the class because ‘

+ §8.= 155 = 100% .

Aﬁz number '% can be expressed al a percent by finding the

number ¢ such that

co-IécB c%.»

,
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Exercises U4-9a y
Write each of the following numbers as a percent,

Ny : 1 3 7
a b c d
@z O3 @3 (@3
Consider the following class.

Student

Robert
Joan .
Mary
John
Joe
Betty
Ray

Don
Margaret
David

(a) What percent boys?

(b) What percent blonds?

(¢), What pefrcent are redheads?

(d) What percent are not redheads? ,
(e) what percent.are brown-haired girls?
(f) wWhat percent are redheaded boys?

¢

.
.

The monthly income for a family a$uoo. ‘The family budget °
for the month is showh.
Payment on the mortgage for the home $ 80
Taxes .20
-Payment on the car . 36
Food . .
Clothing © 48
Operating expenses . 32
Health, Recreation, ete. 24

Savings, and Insuvance - R Y ) .
(a) What perceht of the Income 1is assigned to each item of
the budget? ‘

(b) What is one check on the accuracy of the 8 answers?

A ’

¢




Datd’-about business, school, -- are sgmetfhes‘given in
percent., It is often more convenient to refer to'the data at some
ater time if they are given in percent than 1f they are given
otherwise, A

A few years ago the director .of a camp kept some records fork
futyre use, Some information was given in percent and some was !
' The records gave the following items of information. o
There were 200 boys in camp. ‘
One hundred percent of the boys were hungry for the

first dinner in ‘camp,

(3) On the second day in camp 44 boys caught fish.

(¥). Ohe boy wanted to go home the first night. -«

(5) A neighboring camp director said "forty percent of the
boys, in my camp will learh .to swim this summer. We shall
teach 32 bo&s to swim." '

From (1) and (2),_how many hungry boys came to dinner the .

s

first day° ) o
’ t .. 100 . ‘ ’
i . 06 ° 200 =-200 , Y )
Of course you should know without computation that J00% of
200 1is 200. , ¢

. Frem (3), youcan find the percent of boys who caught fish on

the second day. The ratio of the number of boys who caught fish
, ‘te the number of bonys in 'camp is 53% If you ¢all x% tk,;e
* percent of the boys who caugh fish, then

»

N o

. x - b "
v . . Iiiii 2isis . ] l!
.r¢ . . " * e 02 P
. . . 200x = 100 « 44 - | ;
’ © 100.. 44 (Property 1.) .
) X = o .
y - ] &
T, X = 22

Twenty-two%of the boys caugh® fish. -

144 o
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From (4), you can find the percent of the boys who were

homesick. If this is x%, then . N
. X - 1
- 100 200
«  200x = 100
. . 100 (Property 1.)
] - . X = 300 .
l ' i
X = -é .

:

Of the boys, %%werep homesic}c. This may be read "one-half
percent" or "one half of one percent." You may prefer. to say _
"one half of one percent," since this emphasizes the smallness of
it.- . : v ‘

, Frrom the information in Item 5, the total number of boys in
the second camp can be found. Call this number of boys x.

-
b

4% means 'I% of the group, and also refers to 32 boys.
You want to find x such that. _1_661&0 = %?(. . .

——— ¥

40 _ 32
T30 X
40x = 3200 ( Property 1.)
x = 3200 . ’
= <i5- '
X = 80 . N P. .

o LY

! Exercises 4-0b -

17 There ape 600 seventh-grade pupils in a Junior high 8ghool,

~ The principai hopes to divide' the pupils into 20 secti of
equal size. ) '
, . (a) How many pupils would befiineach sectionn
e (b) What percent of the pupils would be in each section?
" fe¢) What number of pupils'is 1%of the number of pupils in
o the seventh grade? ’ , L

(d) What number of pupils is 10%wof the number of pupils ip~""
*  the seventh grade? . - ' ) ' A

-

o

[y
Hom
-.'J
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.2- One hundred fifty seventh-grade pupils come to school on the
school bus, . i "

* (a) What percent of the seventh-grade pupils come by
school bus?
(b) What percent-of the seventh- -grade pupils éome tb“school
. by some other means? “
3. In a section of,30 pupils, 3 were tardy one day, h
(2) . What frictional part of that sectioh was tardy? .
" (b) What percent of that section was tardy?- . - o .
4 One day a seventh-grade pupil heard the principal say, -
"Four percent of the ninth graders are absent today." A
list of absentees for that day had 22 names of ninth-grade
pupils on it, From these two pileces of information, the
seventh-grade pupil discovered the number of .ninth-grade
puplls in“the school, How many ninth-grade pupils are

.

>

there? _ . —_ . .

r'd

RS

b

4-.10. Decimal Notation ,
You recall frqm a previous chapter that a base ten numeral

such as 3284, written as 103) + 2 102) + 8(10 y +24 was said

to be in expanded form. Written as ~3284 the numeral is said to A
be ih positional, notation. .In base ten tngggfonmnisqalso called ’
-decimal notation., Each digit represents grcertain value acoording
to 1ts place in the numeral in EEF aBbve example; the . @ is in
~thousands place, the 2  is in hundreds piace’and,ségon.c The "form
- for place value in base ten shows that the value of each~p aée
immediately to' the left of a given place is ten times the va}ue of" o>
the given place, Each place value immediately to- the rith of a

given place 1is one tenth of the place vaiue of the’given place
Looking back to the number %?84 written .in expanded form youéwill £
" notice that reading from left to right the exponents of ten decrease.

g

P2

f“w

‘, . A
.

ot J A P »

-
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4 is in unit's (or one's) 'place. The value of this place is =

i39.J

> I
Suppose you want to write 5634;728 in expandéd form. You could
write

(103)+610)+3lo_)+4+7(‘7)+2(‘7)+8 2 ). The

10
of the value of the place before it, If you extend the numeral

to the right of one's place and still keep this pattern, what will

be the value of the next place? Of the next place after .that one°>

To write this in expandéd form teo the right of unitts place as well
as to the left of unit's place yanwill have

5(10%)+ 6(10%)+ 3(10%) + ¥ + 7(g3) + 2( 35) +.8(=25) where

the first place to the right of one's place is uhe ong- tenth's
place or simply tenth's place.

The following chart showy the place values both to the
left and to the right of the unitt's place. Sl

-

k)

Place Value Chart

-

\

Y

Hundred
Thousand\

thousand
thousandth

Ten

thous
'Hundred
Unit or one
Hundredth
Thousandth
Ten-
Hundred-
thousandth

.
"~

Fl

100,000{10,0004, 1 , .001{0.0001|0.00001 |-

104 i :

10"

oy
T

. ‘ . - * . - v ll . | A
The places to the right of one's place are uSual%z referred to
as_the’ decimal places, ’

| -
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When the number 328%4.569i is written in decimal notation
the decimal point locates-the one's place

The number iS read

"Phree thousand two hundred eighty-four and five ::pﬂred sixty-
‘nine thousandths" or "Three two eight four -- point’ -2 five

-

s}x nine.,_

Example 1,

e

- 8

-

b N

Write 5(102) + 7(10 ) + 3(15) in decimal notation.

Notice that the 3ne's place was not written:,

Could onet's place

be written

0(10 ) ? Your answer. 570.3 will help you answer

this question

1

Exercises 4-10

. . » 'S
l. Write eagh o% the following in decimal notation:
Aa) 6(10) +5(1) + B(x3) + T(=25)
> - 10 3
(b) 4(20%) + 3(20) + 6(1) + 1(~> 1
)+ 3( ) ”’,"@*“T&ﬁ .
(c) 5(10) + 2(xg) + 4(—5)
. . 1o
(d)  blpg) + .B(=25) + 3(=) "
T TS '

2. Write each of the following in expanded form:

(a) 3.010 . -
(b) o0.0102 -
~*(c) 0.10001
. (da) 30.03-

2 ‘




3. Write each of the following—in words: For example,
3.001 is’ written three and one thousandth.

’ (@) 7.236 _ , (e) 1.0101° ‘
(b) - Q.00 (d) 909.009
: /

'y, Write in decimal numeral form: *
" (a) Three hundrad and fifty~-two hundredths
(b). Pive hundied ‘seven ten-thousandths
(¢) Fourteen thousandths
(d) Sixty and 7 hundredths . -
(e) Thirty-two hundred-thousandths :
(f) Eignht and nDineteen thousandths
*5, Write O'ltwo in base ten, °

*6, Writeﬁé in the guodecimal system.
- R Write-g in the duddecimal system.' *
*8, Change 10. 011 o to base ten,

D 1

4-11. Operations with Decimals

' Plad

Suppose youwish to add two numbers 1n decimal form; for
example, 0,73+ 0,84, You know'how to add: 73 + 84 = 157,
*”‘How . do youhandle the decimal places? You may proceed as follows: -

}5 0.73'= 73 X 135 and 0.84 = 8 x v3r.° N
%gerefore, « . . N ) .
0. 73 + 0.84 = (73 x IUU)‘+ (84 X IUU)
= (73 + 84) Xm
5, =157xm=157 | -

Notice that the distributive property has been used here,

w -
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~ . - : ) .
Suppose you- wish to-find the sum, 0.73 +.o.1%5. First.
rewrite the numbers as fractions:

0.73 = 73 X g5 = 730 % gy @nd 0,125 = 125 x 55 4

Use the last form of 0.73, since then 'R%O'G appears “in both
products. '

4
-~

0.73 + 0.125' (730 x ‘mlm) + *(12!x TO'l66) i '/y’ .
« . N . —

£ .

]

. = (730 + 125) X 1&)?5

855. x m 0.855.

Thése examples can be handled more conveniently by writing

. one number below the other as follows,
. %

£ (8T o
Notice that the decimal points are written directly under one
another. This, is becauseéyou/will want to add the number in the 1——
place in the first ‘addend to the number 1n the '175 place in the
second addend, and the number in the m place in the first
. addend to the number in the -1—0-5 place in the second, etc. Thus,

0.73 = v§ + 735 2nd o.8u=1%+1%6 PO .
and therefore ) o
0.73 + 0.8k =7_41-'0§+21%61i L
157 : : S
=18+ 1w - ‘ :
° - = 157 ¢
Subtraction-can be hHandled jn the same way., For example,’
. " - 0,84 0.8
, - 0.7 - 0.7h
. » 505
) /}
- - : ‘/
-~ ) . P i
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. Exercises l4-1la »

There are 16 ounces in 1 pound. Which 1s heavier, 7founces
_or 045 1b,? : o S
-In most of Europe, distances are measured in kilometers
(remember that a kilometer is about 5/8 of a mile). The
distance from city A ¢to Paris is 37.5 kilometers and the
distance from ecity B to Paris 1s 113.2 kilometers, How- ~
far in kilometers is it from city A to city B by way of
. Paris?
Suppose the three cities, A, B and Paris in the previous
problem are on the same road and city A 1is between Paris
and city B. Then how far in kilometers is it between. cities”
A and B along this road? ' \1 .

a

Find the value of the sum, in the¥decimal system, of the
and 1. Ol two® First cbang; into_&he

numbers"lo Oltwo

- decimal system and then add.,
Suppose you wish to multiply two numbers in decimal form.,
For example, 0.3 x ‘0 .25, You know how to multiply these numbers:

>/'3 X 25 = 75, Just asaﬁefore, you will write"
! , P i
0.3 X 0.25 = 3 X I% X 25 X 135

‘

3 X 25 %X -IG X m
75 X To :
= 0-075 * ! N

/
(1) How many digits are there to the right of the decimal
point.in O, 3?,, % ; %
(a)aaﬁow .many digits are there to the right of?the decimal
point in 0.25? - L '
(3) What is the 'gum of thé answers to- (1) and (2)?
“~~(4) How many digits are there to the right of the decimal i
V . point in 0.0752 . ; VT
(5 Compare the answers to (3) and.(u).f R
_ Now multiply 0.4 x 0.25. What is your answer? Answer the
five questions above, (1), (2), (3), (%), (5) for these numbers.
" Do the answers to (3) and (4) st111 agree? :

¢

-

14




Property. 2: To find the number of decimal places in the
product when two _numbers are multiplied, add the number of decimal

places in the two numerals.
You can consider now the problem of dividing one in decimal
form by ahother, for .example, O. 5——0.5. Lo R
' . The first step Is usually to find a fraction whose denominator
is a whole number and s¢ that the new fraction is also a name

for 0.125 --0.5. In this case, -start with —}52—5 T
Then, in or@er to replace the denominator by a whole number,

multiply numerator and denominator by 10 to get lsgé . Using
fractions you could’ work ig out like this-

« . . = q5p X 25 = 0.25 { .
. 0,85 ‘ ,
5 '25‘ ’ .\\
10

¥ ~ o ~ 25 a o ' S

: ' [ .

But/a much shorter way is to use the usual form for diVision. : |
|

1

|

|

(divisor) (quotient) (dirié;nd) ,
5 . X, - 0,25 - =" T 1.25 R

N -

o
o " -~ ;

- -

- and you_ can see that in the equality'the number of decimal places
\(two) 4n the product 1s the sum of the number of decimal places .
in the members of the product ( 0+ 2 ) Just as if is said in >
‘Property 2 Whenever the divisoriT% a whole nymber, the dividend
and the quotient have the same number of decimal places, By .
placing the decimal point of the quotient direc%ly above that ' ’

-
of the dividend, you locate the decimal point.of the quotient
[
/automatically in the correct place. A oq o~
. / v , or :) : ‘
/ . .

S,
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.vIt is ver asy to make a mistake in placing*mhe decimal |
point of the answer and hence ft is always a goo& plan to chec

by estimating “ye answer, For this example you can see that -

O 12 ) 001 "'l
. L = = O.
5 is about D (O] 5= 2,
which. is reasonably close to our quotient,

Try a more complicated fraction: g—%%é . If you multiplied
2

'the denominator by 10 you would have 25,3 which still is not a

whole nuiber. But i€ you multiply by 100, it becomes 253, .which
is a whole number, The given fraction then 1is equal to ég%ég .
-
/

and the division is performed in t usual way.\ °
s .1 \d

¥

-~

A : 253 )53L.3 7 .

. B =T S T

) . : S 253 R .

AN

t

.Then 253 x 2,1 = 531,3 »and you see agaln that the number of
Adecimal places in 253 (which is zero) plus the.number of-decimal
places in- 2,1 (which'is 1). is equal to the number of decimal

p¥aces in 531.,3 (which is 1),. Y
You should check the\following: ( . \,,

- '6" .

3 [y

Of course you cannot;expect your divisions to "come out -
exactIy in all\cases. Suppose you try .to find the decimhal,
expression fqr - %7. If you want the quotient to ehree decimal
places@ you wili divide 2,000 by 7" If it .Were to be six places

, you would divide. 2,000000 by T, and so forth, Suppose you find

. f i . 7 )g.éBE%lﬁi.. T ‘;f‘

. - —Lso -~ cwm ".. \b .
ot . 4
)

it to.siﬁ places:
L]

-~

3¢

<
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Exercises 4 11b
1. Find the following products.

)(

(a) 0.009-x 0.09 ( -
3 (b) 0.0025 x,2.5
2. Find the following Quotients, : . o |
(a) 0.575 + 0.4 . P ’

(b) 2.04.+ 0,008
N i

. .
-3, Express the' following numbers as deoimals. ‘ ‘
. 3 3. |

(a) 2 (x) 339 (e) 3 () 3 (&) g (£) g i

y | =015 X 0025 x 2:5 0 < -

.05 X .03 - . . .
5, About how many miles is a distance of 3. 8 kilometers° |
(One kilometer is about E of a mile ) 3
*6, Find the following product: . %
/""‘ ‘
¢ |
1. 1useven X 2, useven T - . . i
de S
. - v . L
Decimal, Expansion -t ' . S

) &
Let us look more closely at rational numbers in‘decimal‘form.
You recall that 8 is the quotient of 1 divided by 8.

|
|
0,12 - |
8)17668— .. So'g and 0,125 are names for the ﬁan.im‘ th#
] rational number. o .
. Consider the rational number . Youall know the decimal = ‘

L]
< ’)

numeral which ndmes 3 - It is-found by dividing 1 by 3. . W ‘
7 TR Without performing the division do yéu
» * N know what digits will dppear in &ach
s , ‘ " of the next Places? At some’ stage - |
. . in the divigion do we get a remainder g
. : of zero? 7
The 3 dots fndicate that the decimal numeral never endsgs l
i . ) , Y ) .
LY ?
- ™
- ) ’ s - ’ > -~ '
. & 5 - - 1




/

/

( pecimal with fthe-digit 3 gepeating. oo ~ s

quotient of zero,

remainder thereafter will be zero. You colld*write

1

.
¥

)

Looﬁ again at the decimal numeral for-B Reca&l that
it was.obtained by dividing 1 by 8.

Q 147,

£l

der 1is 2,
The second remainder is 4,

The third remainder is 0,

The fourth remainder is 0, Can you

After the first subtraction the remain-

N

L

Predict the fifth and sixth.remainders? |,

The divisidn process usually ends at the stage where a zero
remainder is obtained. . However you could just as well continue .
dividing, getting ‘at each new stage a remainder of zero, and a

¥

It is clear that_ohoe you get a remainder of zero every-

.Therefore
repeating over and over again., Likewise 0,333... i§ a repeating

[y

0.125000.,.- 1is a repeating decimal with 0

.

¥ .

g = 0.125000... just as you wrote, % = 0.333..., but this is seldom -
done.

The phrase decimal expansion peans thgt there is a digit fort

_every. decimal plage; Qote that the deeimal expansion ‘o £ E
the decimal expansion of -3 are, bdth repeating. i ”‘
£ P
7 } .

Ak

L
number?
1.
that should appe
2."Is there a blo

o~

%.Class Discussdon Exercises

Let us look at the decimal which' names the rational

endlessly°

» ¢

-0, 1&288%1u288%... ) .3
T 0"

. Can you tell, without performing the* division, the digits

in each of the next six places°
of digits which continues to repeat
Let us place a horizontal bar over the block of -

digits whicher. eats.° Thus O, 1&38571&2857 w.uses the bar
to mean that the same q;gits repeat in the same order and the

3 dots to mean .that the decimal never ends,

Y

-
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3 Name-I% by & decimal numeral,

y Ow soon can you recognize a pattern? .

5. Will theye be a zero remainmder if you continue dividing?

6 ‘Does this decimal repeat? How should you indicate this?

7 Observe that the decimal repeats as the remainder repeats,
Look at the procedure by which you found g decimal numeral

‘. forjy 1. - N
o 1u28 1u28 W :
5% After the first subtraction the remainder is 3.
<+ 2 .
20 ’ The second remainder is 2. -
14 *
. -gg -~ The third remainder is 6.
~To The fourth remainder ‘is 4. ,
35 - < °
EO The fifth remainder 1s 5. -
P g
o ., The sixth remainder is 1. s
7, ’ . T
30 The seventh remainder is 3. 1Is'the
28 seventh digit to the right of the decimal
. =20 point the same -@s the first?
e et o ~r-l%0 -+ The -eighth remainder is the same as L
. 6‘ ‘second., Is the eighth digit to the
o * . right of the decimal point’ the same - .
’ .3 as the second?
0O:

-

- Notice that the digits in this quo?ient begih to repeat
“ﬂ;' d whenever a, number appears as. the remainder for. the second time, R

*

8; Make similar, observations when you divide 1 by 37 to find.
a decimal numeral naming 37 ‘

3

" You may conclude that every rational number can be named by .
a decimal numeral which &lther repeats a single digit or a block of

. .' ‘digits over and over again,
.o .
"‘ ’ T -,

156 ' o
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. Exercises 4-11c” o
Write a decimal numeral (or decimal) for fg. .o
) How soon, can you ‘recognize a pattern? . ’ N
Does this decimal end? ¢ ’

(a

(b)

(c) How should you indicate thatiit does not end?
(d)

(e

Is there a set of digits which repeats periodically°
) * How should wou indicate this?

Write the decimals for: -
(a 1 See how soon you can recognize a
3
. ~pattern in each case. 1In performing
(b) 1 the division watch the remainders.
8 . They may give you a clue about when
1 . to ‘expect the decimal numeral to
(c) 5 begin to repeat.
. .- N
Write .the decimals for?;> ! _
1. w/ 3 . . . .
(@ 17 (o) 17 () I |

Is 1t true that the number 0.6363... 1is seven times the

»

nutiber 0,0909..: ° ' ' .

Find the decimal numeral for the first number in each group

and calculate the others without dividing.

y .. .
(a) 15: 15:15 & _
1 111 o2 ) .o
(.Q) I OOO 2 l O Es, l 600, - \
. ) P R
Rounding o R 7

Suppose/you wish only an approximate decimal value for 7

You might, for 1nstance, want to represent this on the number line
where each segment represents 0. 1 as below:

-

N

-

.

e

g
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Where 'would 2 be on this 1line? You know 1its decimal form is
0.285714... . Perhaps you can see immediately from this that '7
must lie between 0%20 and 0.30. _If bthis is not clear, look at
£t .a little more closely. First: : :
. 0.285714,.. = 0.2 + 0,08 + 0,005 + (other decimals), and hence
it is certainly greater than 0.2, the .first number in the sum,
Second, 0.2 is less than 0.3; 0.28 4s less than 0.30; 0.285
is less than 0.300 and so forth. No matter how far the decimal
computed,,what yod get 1s always less than 0.3000000... _Also
;g& can see that % is closer to 0.30 than to 0.20 since 0.25
is halfway between 0.20 and 0.30 and the numbér 0.285714...°1s
between 0.25 and 0.30. 3o % goes on the number %ine in about
the place indicated by the arrow. L T
You could represent 7 more closely on the number 1ine if you’
divided each of the segments into ten parts. Then you would see
that 7 is between 0.28 and 0.29 but a little closer to O, 29
(You may want to write the reasons out in more detail than is done
above, .in order to make it clearer ) You would say that 7 is
0.29 ‘to the nearest hundredth. This is called "rounding % to
two places™.. What“would 7 Pe, rounded to three places? '
The answer is: 0,286, P '3f -
) This rounding is useful in estimating reSults. For instance, .
suppose you have to find the product- 1. 34 x 3,56. This would be

approximately 1 'x 4 = 4 or, if you.wanted a little closer estimate,:

. )

-

_you could compute: 1.3 x 3.6 = w{? approximately.

Rounding is also useful when you are considering approximations
in percénts. For instance, ifa;t turned out to be true that about

.2 .out of 7 families have dogs, it would be foolish to carry this

out to many'decimal places in order, to get an answer in percent, -
You would usuhlly just use two places and say that about 29 Zoof
all families have dogs, or you could round this still further and
refer to 30 %. e

. ) N toe : %

1

. ‘ ’ ‘ 7




S Exercises 4-12 °
Round the-fqllowing number to two places,
*(a) 0.0351
(b) -0.0l4lg ,
Round the following numbers to three places.
(a) 0.1599
(b) 0.00009
(¢) o0,3249
Express‘the'following numbers as decimals correct to one
place. ’

+

\

7 ’ 2
(a) =3 o 53

e @,
A plece’of land is measured Aﬁd the meaéurements are
rounded to the nearest tenth of a rod (in otheq;words,
the measures are rounded to one decimal p}ace.) The .
length, after rounding is” 11.1 rods and width is 3.9
rods. Find the area-rounded to the nearest tenth of-a .;
square rod, . o .
Suppose that the length 13,11.14 rods and the width 1s
3.94 qo&s roynded to the nearegt hundredth of a rod,

" Find the area rounded to the nearést-hundredth of a
square rod.. What is the difference between this angwer
and £he previous one? . :

. Percents and Decimals .
. ¥bu have learned that'the number ‘Tg% can be written aé 51 7o
- and also as 0.51, Actually you can read bdth 0.51 and I§%~ as
"rifty-one hundredths", Here are three different expressions for- .
the same number: | : SR

- 1%' = 5107°= 0.51 ,

which are read: "fifty-one hundredths is equal to fifty-one
percentlis equal to fifty-one‘hundredphs".h

W
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e 3

:

- i A ¢ P
Similarly '
¢
1 50 . _ X _ £ |
) Y .. ’é‘ 'm = O. 50 ,— 50%_ O'S L ‘ i
Also 65% = 0.65= g5 =3, . i S
and r‘% = % = 0. OO i 60%: 0.6 . - ' b )

3

"Class. Exercises 4-13 ' i
1. Express as percents: ' {

; . 3 ;
- (a) ==
(v) o.b _ B 1
2. Express as decimals: . . 4
a2 75 \a‘ L .
5 (a) _ , : o

(v) 3% S \ v

It is 4 little more difficult ‘to express -,; as a percent
since 8 1s not a factor of 100. You kpow that its decimal form
is 0..125. \IOther ways of writing this number dre: 12.2 op 12.5%;

(4

1 .
alse 193 op 12-1-% . S;lmilarly, 0.375 is the same as 37.5% or
. ’)m/— : S, Lo - ““ - . AT
37-% a.nd may also be written as . ,)

m—?; 3-8 - '8"_2 23; S )
Thus 0. 375 1s equal to both 37_% and '8 - . .

_ 3. Express as percents~ Lo i
= Tyt - ‘ T x P coe T T
l 1
(a) 133 o (b) 0.475 ; ‘
4. Express as decimals: ’ . i
. v ‘ .
(2) 16F% (®) "¥5

~ How .do- you.find the percent equivalent of -3- whose
decifnal, 0.333... repeats endlessly? If you wish an "
'approximate yvalue you can round *the decimal to two plgcgss




v
' ¥
-

| —
and have: | " “.
' R ' % is approximately -equal to 0.33 or 33%.

L]

An acgurate name in percent for one-third-can be found as follows:

. o 1 1 1
13 329 3 a, J
3= T 100 ¢ ms = 333 L
) » . )
so that an accurate expression for -3 is: 333% . ‘ .

5. Express approximately as percents:

(&) 5. - ®EF ' .

6. Express th'e‘_ above accuratoly as percents,

* .

. ' - b v
How can 2“8}7*-% be expressed as a fraction? ..
| 4. 200.. i ’ ’
28%-287 - < = (BPx m“%" *
T | . ' ' /
*Tor Express the following as fractions: ,
. ¥
(a) 251I LA o (o) 125% A \ .
/ . ’
8. Copy the following chart and f£ill in the missing names of L
P numbers, -The, completed chart will ‘be helpful to you in
) . future lessons. . )
a ) . " 5 - Q < . N
~ * )‘
- ' ¥ r \ Yy -
T & T "
. / : )
!' ‘ . r’"‘
. . . , i L




* Fraction Hundred c°
Simplest form as denominator ‘Decimal Percent
= \\/I
(a)_ '.8 - \\3 ol ’
. . 0 < Y

(b) 1% ‘
(c) 0.375

(a) 150%
(e) A~ “52'8 P—

o —

(£) -1 0.01 '

(e) § . ‘

(h) . - 100% °
. 162 . -

(1) ‘ O

() 2 |

1 : \ -
L (k)j = d
' . 6oz 2
2
(1) _TO0
1(m) " ' = ~ 0.005
- -/

9. Draw a number line and name points on it with the percents in
Problem 8., . ’

»
Ed

L.
~w

s - ;. 1862



155 C o

4-14,  Applications ofePercent
_ Percent 1is uQFd to express ratios of numerical quantities in
everyday experiénce. It is JAmportant for you to understand the
notaﬁion‘of percent, and also, to.be accurate in computing with’
numbers written as percents. Let us 'look at some°éxamples in the
) N .

use of percent, Y . . o
¢ G
Example 1. Suppose the annual income of a family is 3&560

*  and 32 % of the budget is allowed for food for the year. Then if

X stands for the number of dollars a&ifwed for food,
I -~ /

x _ 32
¥560 ~ 100 *

" Using Property 1, -
. 100x = 32(4560)

.

145,920, Lf

Hence T 1459, 20
- . N 4\?
and the amount spent for food would be $1459.20, ‘ © e

Example 2. The number 900 is what percent of 1500? Can you®
find the answer to this example withdut use of pencil? "If x%
sfands for the percent which 900 Ps or 1500,

o

Agaih using Property 1, - ) .
X 4 1500 x = 100(900) = 90000. .
Hence ) v S, ' 0
. x = 90:900 g, .
and 9oo 1s 60% of 1500, - . ' |

»

cample. 3.. Supgose a_.family with an annual 1ncome of 34560
renps a hbuse for §77.00 per month, ' What percent of the family
income Will bé spent for rent? First, the rent for the year will
be twelve times the monthly rent, that is §92%, oo If x %.is

the percent that 924 is of 4560, e
e < 4 o ° a s
.- . ’ X 9ol !
N ’ 100 = ¥560 ‘ - .
and, using Property 1.again, ) . -
. "o . .
e . °

. o les LT
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' 4560x = 100{924) o
446ox = 92,4Q0 '

X = 9 lLOO\—K@. 3. L]
" " L3 -
Hence x 9, is about 20 % ; that is, about 20 % of the family income

is spent for rent. w M
- .

g #

' , Exercises 4-14a
In the following problems it may be necessary to round some answers.,
Round the money answers to the nearest cent, and round percent |,
», answers to the nearest whole percent.

- €
1. 1If the sales tax in a certain state is 4% of the gurchase
. brice, whHat tawm would be collected on the f,‘ollo:ging purchases?
(a) A dress selling for $17.50 “~ 5
(b) | A bieycle selling for $49.50 Toe e \
2, In a Junior high school there are’ 380 sevepth-grade. pupils,
385 eighth-grade pUpils, and 352 ninth-grade pdpids. ¢
(a) What is the total enrollment of the school? .
(b) wWhat percent of the enrollment is in the seventh grade?
. (¢) What percent of the enrollment is in the eighth. grade? 5
‘e "~ (d) What percent of the enrollment is in the ninth grade?
" (e) What is the sum of the numbers represented by the
- answers ta_{b), (c), and (d)? \
3. Mr. Martin keeps arrecord of‘the afounts of money his family
. pays in sales tax. At the end of one year he.found that the
botal was 396,00 for the year. <If the sales tax rate is 4 Do »
what was the total’ amount of taxable purchases made by the ¢
Martin family dhring the yéar? o . .

R i §a e R an
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*4 oA certainfsto"f:"e gives a 10%discount for cash and'a S%dis- -
eount\gor purchases made on Mondays., .That 1is, if a customer
purchased an article\priced at, $100 and paid cash it would+
cost him $100 - $1o $90 . Then if the day of" his purchase
‘were Monday he would get a fufther 5% discount, which would

.- . _make the net price $85.50 sinceﬂ§%>of 90 1is 4,50 and ~ T

90 - 4,50 = 85,50 ! (
/7™ ' Suppose the 57L§iscount on $100 had been computed first and
the 10% second, would the Pinail net price be the same?
Would these two ways of computing the final net price give
. the same result for an article priced at $200° Why? ”//

*5., Ina certain store each customer pays a sales tax of 2% 'and
is given a 10%discount for cash., That is, if &/customer~ > o
purchasgg an,article priced at $100 and patd cash it wduld
cost him $90 plus the sales tax or-$9l 80 since 2% of $90
is $l 8o . Suppose the sales tax were computed on $lOO and
then the lo%,discount allowed, would the resulting net cost
be the same° Why or why -not? .. . - . ,

*6, A customer in the store of Problem *}4 added the discounts and
thought. that since he was paying cash for an article on -

. Menday, he should receive lS%«discount If this were the
R case he would have pald $85. or the article riced at $lOO;’

- instead'of'the $85 50*, How Ihould the shopkeeper have - .

**  worded his notice of discounts to make it clear that he had :
in mind the calculation given in Problem *49. ] o

' - AN
- ; v N N -
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Percents of Increase andpDecrease

4

>

Percent is used to indicate an increase or a decrease in ‘some . - ¢
. quantity. Suppose-that Central City had a population of 32,000
(round€d to the nearest thousand) in 1950. If the population -

A - - -
f . . & . g




increased to 40,000 by 1960, what was the

8,000

v,

percent of> increase?

-

. . - x ‘
40,000 woo =100 ¢ -
T - 32,000 5 - 800,000 ’
- 8,000 (actual increase) - 32,000
* ' x=25 . * .

4 ) There was an- increase ' of 25% .
Notice th@t the percent of increase is found by comparing.the
actual increase with the earlier population figure.

< : 32,000 8,000—>
e ~ .100% \\ . 25 %
7 < = 40,000 — AN : >
o ¢
The 40,000 was made up of the 32,000 (10 lus the increase
of 8,000 (25%). So the population: of “40, ooo in 1960 was 125% of
the population of 32,000 in 1950,
Suppgse that Hill City had a population of 15,000 in 1950

If the poptilation in 1960 was 12 000, whag_was the percent of

decrease? %If x represents the percent of decrease, then
K % ’ 3,000 _ x ..
. 15, 000 T—LOD-G = \
\"'\ 5’ 5’ m—r"\,
*12, 000
' f ooo
3, 000 actual decrease "\ X = 100
9 - "
¢ o x =20
- There was a decrease of
Notice thatithe population decrease also is found by comparing
actual decrgase with the earlier population figure. )

< . -
Bl . -~ - ~
.

M by
T

< —15,000 .
-~ F) \" s ]
oy 80% Lo C |- 20%
< ' 12,000 > 3,000—>
. , ,

@
.
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The 12,000 is the giffer}nce between 15,000 (10079 and the

degrease of 3,000 (207). So’the population in 1960®f 12,000

was
&

80% of the population of 15,000 in 1950.

Exercises U4-14b

In each pronlem, 1 through 5, compute the percent of increase or

decrease,  If necessary, round percents to tne neares <l tenth of a

1,

2.

- 3.

In a Junior high school the lists of seventh grade*absentees
for a week numbered 29, 31, 32, 28, 30. The next week the
five lists numbered 22, 26, 24, 25, 23.
(a) Vhat was the total number of pupil-days of absence for
the firsﬁ week° .
(b) What,was the total for the second week?
Compute the percent of ‘increase or decrease in»the
number of pupil-days of absence., . .
On the first day of school a Junior high school had an enroll-
ment of 1050 pupils., One month later the enrollment was 1200,
what was the percent of increase?
One week the school lunchrpcm took in $u503 nThe following
week the amount was 3425. What was the percent of decrease? -

4."Dur1ng 1958 a family spent $1h90 on food, 1In.1959 the same

* 5‘.

T
-~

’Wfamily spent $l950 on food, ”hat was the percent of increase

in the moneéy spent for fdodZ~

During 1958 the owner of a business found that sales were below

normala The owner'anncunced }bfhis employees that all wages
for 1959 would be cut 20% . By the end of 1959 the ®dwner note
that sales had - returned to the 1957 levels, The owner then
announced to the employees that the 1960 wages would be in-
.creased 20% over those of 1959, \ " : T
(a)” ¥hich of .the following. statements is true? '
(1) , The 1960 wages are the same as ‘the 1958 wages,
) (2) The 1960 wages are. less than the 1958 wages.
(3) The 1960 wages are more than the, 1958 wages.
(b) Ifwypur_apswer to part (a) is (1), justify your answer.
- If your answer to pdrt (a) is (2) or (3) express the
1960 wages as a percent of 1958 wages. =~ ~ .

187 -« . A

o 0

d

L4

o

-




e
/

160

e

*6, _In an automobile factory the number of dars ¢oming off the

assembly line in one day is supposed to be 500,

One week the

plant operated nornall§ on Monday.

On Tuesday there was a

breakdown whig¢h decreased the number of completed cars to 425

for the day.

On Uednesday operations were back to normal.

(a)
()

What was the percent of decrease in production on Tuesday
compared with Monday? .
What was the percent of sincrease %n production_on

Wednesday "compared with Tuesday? -
(a) A salesman géts a 6% commission on an article which he
“sells for $1000. « How much commission does he get?
(b) A bpank gets 6% interest per year on a loan of $1000.
3 H@w much interest does the bank. get? * .
(¢) The tax on some jewelry is 6% . - How much tax would one
have to pay on a pearl necklace worth $1000,?

. (d) cCan you find any relationship among (a), {b), and (c) °

8. (a) An article is sold at a 5%discount. If the stated
| price ii $510, what did it sell for? :
g (b) A small town had a population of 510 people on January
first, 1958.- The population decreased 5%Auring the
- following twelve months, What was its populaﬁion on
. ' "January firgt, 19592

(¢) on a loan of 3510, .instead of charging interest, a bank
loaned it on a discount of 5%; that is, gaue the

. ' customer $510 minus 5¢,0f $510 at the beginning of the
’ year with the umderstanding that the "amount of 3510 would
be paid back at the end of the year. How mﬁch did the
customer receive at the beginning of the year? - | -
(d) Ccan you find any relationsnip among (a), (b), and (c) ?
What was the interest rate in problem 8 (c).above?

P
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10. (a) Mr. Brown paid $210 in gasoline taxes during a year.
If the tax on gasoline is 31% , how much did he spend.
on gasoline? )
(B) Mr. Smith made a down payment of $210 on a washing
machine. If this was 31% of the total cost, what did
- the washing machine cost? . .
. (e) Ina certain town 31%of the population was children,
If there were 210 children, what was the population of
; the town? ‘
(d)« On an article priced at $210, a merchant made a profit

4 of 31% . What was the amount of his profit in dollars?

.(e) Can you find any relatioriship among (a), (b), (),
-and (d)? ) o
*11.  The income tax cdllector looked at the income tax return of ‘
\gr. Brown mentioned in Problem 10 (a). \He iAquired to find
hat Mr. Brown drove a Volkswagen which would go about 30
.miles on a gallon of ga§oline. He also found that Mr. Brown
could walk to work. : ‘

(a) If gasoline cost $.30 a gallon  (including tax), how many
'gallons did Mr. Brown buy° (Use information from -
& - Problem 10 (a) ) ‘
(b) How far could he drive with this amount of gasoline?
. (c) * Wwhat would be the avérage per day?
"(d) Why did the tax‘collectqf question Mr, Brown's return?

- AY

- A f@‘ .
.15, Large Numbers . ’ -

) The pbpulation of a city of over a million 1nhabitants_might
have been given as 1,576,961, but this just happened to be the
_sum of the various numbers compiled by the census takers. It 1is
certain that the number chanéed while the census was being taken,
and 1t is probable that 1,577,000 would be correct #0 the nearest
thdusand. For this. reason there 1is no harm in rounding the original.
number to 1,577,000, In fact ~for ‘most purposes, you would merely

RN . - .

<
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say that nhe population«af the:city is "about one and one-half v
tiillion", which could be written also: i
Population of -city = 1,500,000,
The symbel & 1is used to mean "is approximately equal to!.
Theré\are other ways of writing this number. One million can
be written: 1,000,000 or (10 X 10 X 10 x 10 X 10 x 10) og§ 1o6
The notation 10 x 10 X 10 X 10 x 10 x 10 .1s somgtimes read “the
product of* six tens", The exponent 6 indicates the number of tens
used as factors in the product, iYou could also gef the exponent by
counting the numbe? of zeros in tne numeral l;OQ0,000. o \ .
The number 1500 can be expressed in several ways, 150 x 10

or 15X 100 or 1.5Xx 1000 = 1.5 x 10°. . Similarly, 325 can be
In* each of these two examples

2

written as 32.5 x 10 or 3.25 x 1l0°,

the last numeral is of this form: - ,

(a2 number between 1 and ;gf'x (a poner of 1.0)7

In the first case it 1s 1.5 x 103 and in the second case it is .

» 3y 25 X lO2 Write each of the fpllOW1ng é% this form.
Example; 4037 = 4,037 x 10° ' o
(2) 859 » (c) 832,59 -
(b) 7623 (d) 9783.6 ) :
When 1,500,000 1s written as 1.5 x 100, it 1s gaid to be-
written in scientific notation " l
(a) 1Is 15 x 10° #n scientific notation? #hy, why not?

” o o

(b) Is 3.4 x 107 *in gcientific notation? Why, or why not?

(¢) Is 0.12 x 10° in scientific notation? "Why, or why not?

,Definition.. A numbér is expnesséa in“scientific notation if it

is written as.the product of 'a number between, 1 .and 10. ~and
the proper power of ten?  Also a number is expressed in scientiﬁéc
notation when it is written just as a power of ten.
i Both 1,7 x lo3 and lou are in scientific netatign.J
Note that 146,000 = 1.46 x 10° could also be written as
T 1460 x 105 op L. 4600 x 10°,

L3
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Hence 110 )

;
“ 4 . - X .
y - 1‘ 63 &
- - Exercises 4-15a
1. Write the following in scilentific notation:
(a) 1, 000 (q) 10° x 107
(v) - 10%x 10%x 10%x 107 Ke)v'lo x 10°
(e) 10.x10 x 10 x 10 (f) 10,000,000
"2, Write bthe following in scientific notFtion: N
(ay 6,000 (d) 78,000 .
(b) 678 (e) 600 x 10 .
(¢) 459,000,000 -~ (£) 781 x 107 ' &
3. Write a numeral for each of ‘the following in a form which
.does not use an exponent\or indicate a product:
(a) 3 x.lou (e¢) 436 % lO6 IS
(b) 5.00 x 107 ' (a) 17.324 x 10°
"&.ﬁ Round off each of the following to the ‘nearest hundred

Express the rounded numgber in scientific notation. =+

(a) 645 .
(). 93 j‘ ’
(e) 1233 °

R (a)" 70,863 :
T (e) 600,000 - ° B}
. (f) 5,362,449 .

Numbers =~ . .

Calculating-with Large

.
Not only is scientific notation shorter in many cgses but 1t

makes certain calculations easier.

value of the product~
of two tens.
100 = .102
Thcn-

100 x 1000

and lOOO

) -
2 x 10% = 107

sum of the exponents,

»

Suppose you want to flnd the

100 x 1,000. The first factor is the product

The second is a product of three tens, so,, you have ¢

103. , ’ Y

10° x 10° e

(10 x 10) x (10 x 10 x 10) .

10X 10 x 10 x 10 x 10~ S -

10° ' ‘ R
’ é‘ - ﬂ'g & - J

.. Notice that the exponent 5 1is the ot

2 and 3. -
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Stppose you wish to find the product of 93,000,000 and -
10,000. JIn scientific notation, this would be: ) )

.

(9 3 x 107)4x 104 £9,3 x (lo7 X lO ) By which pfoperty?-

‘ . —93X10
Now try a more difficult example-
93,000,000 x 11,000 .

7 y
= (9.3 x 107) x (1.1 x 10 ) Note: The order

. 7 y of the factors
(9.3 x 1.1) % (10" x 10") has been changed
11 by using the
10.%3 x 10 . associdtive and
. 12 commutative
l'Oég x 107 properties of
B . s multiplication,

Y ., e
Distances to.the stars are usually measured in "light yearst/,

& light year rs theﬁ%istanoe that light travels in one year. This
is a gopd way to measure such distances. If they were expressed in
miles, -the numbers would be so»large that- it would be difficult to

write ew, much less understand what they medn,

‘é

3

Exercises 4.15p

.

It has been determined that light travels about 186,000 miles .
perugecond In Parts, (a) to (d) below, do not perform the

{ multiplication, Just indicate the product (an example of an
indicated product is 2.4 x 10 x 56 x 104).4

Using 186;660 miles.per second as the speed of iignt,
(a) How far would light travel in 1 mipute?
(v) Howgfar wbuld light travel in I hour? '~
(¢) How far would light travel in 1 day?
(d) How “farwould light travel in 1 year?
(e) Find the number wgitten in Part (d) and show
“that when "rounded off" it is 6.3 x 10lZ,
The number written in Part (e) is about
6% 4 I AN ’ -
*Why is the number
exact number of
year? Try :
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Multiply, and expresg your answer in scientific notation:

“(e) 7 x 3 x 10° “
6

(a) 10%'x 3.5 x 109

(v)
Multiply, and write your answer in scientific notation:

(a), 9,000,000 x 703000 (¢) 25,000 x 18%&,000

(b) 125 x 8,900,000 (d) 1100 x 5 x 200,000 .-
The distance around the earth at the equator is about 25,000

In one second‘electricitg travels a distance egual,to
About

300 x 10° x 20 v (3) 9.3 107 x 10 x 10

miles.
about 8 times that around the eartb at the eguator.
yow far will electrieity brével in 10 hours?
The earth's speed in its orbit around the sun is a little
less than seventy thousand miles per hour. About how far I

4
does the earth travel in its yearly Journey around the sun? * 9{
. y ,
Ay
(O
' . ,_\ - O‘
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Chapter 5 ‘
e

COORDINATES AND EQUATIONS. -

- -~

5-1 The Number Ifine

. The idea of number is an agséract one. The development of &
good number system required centuries in the civilization.of man,
To help understand numbers and their uses, many schemes have been
used, One of the amost successful of these wé#s to pleture numbers
is the use of the number'line.

You can’think of the L.ne in the drawing below

. .
.
“
1 I \
kY

-4

O+

“ .
.

as extending indeiinrtely in each direction. You can choose any
point of the linE'and label 1t 0. Next, choose anotheyr point to
the right of 0 and label 1t 1. Thissreally determines a unit of
length from O to 1. Starting at O, lay off this unit lengthw
repeatedly yoward the right on the number line. This determines -~
the location of the points corresponding to the counting numbers
2, 3, 4, 5, «... ,
The number % is associated with the point midway between
0 and 1, By laying off this segment of leng;h one- half unit over
and over again sSi;he additiaonal points corresponding to 2, 5, g, e
are determined. Next, by using a length which is one-third of the
unit segment and measuring this length successively to the right of
zero, the points 3, 3, %,-3, ~»++ are located., Similarly, points
,are located to the right of O oy, the number line corresponding to
fractions having denominators 4 5, 6, 7, +++, Some of these are

1\

shown in the following figure, N ] \

»
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By this.natural process there 1is associdted with each rational
number a point on the line." Just one point of the -line is associated
with each rational number, There is thus a one-to-one correspond-

" . ence between these rational numbers and some of the points oi’the

line. Youw can speak of the point on the number line corresponding
to the number 2 as the point 2. Because of this one-to-one ‘corre-

<%

spondence. between number and point, each point can be- named by the

numbe} which labels it. This is dne of the great advantages of

the numberfline. It allows-us to identify points and numbers and

helps us use geometric points to picture relations among numbers. .« o
Remark: You might think that thié,one to-one correspondence’\‘

assigns a number to every point on the line, to the right of 0.

This is far from true. :In fact, there are many, many more points

unlabeled than labeled by this process " These unlabeled points

correspond to numbers like v,\/§,~/3,w/5, which are not rational

numbers. Later you shall study more about such numbers,

'Progerties.gg the Number Line -

s

The number line locates numbers by means of points in a very
natural way. The construction of the number line loecates the
rational numbers in order of‘increasing size. '‘Hence you can always
tell where a number belongs on the line, The larger of two numbers'
- always lies to the right on a number line. Thus: 5>3 (5 is greater
than 3), and’on the numbef line' 5 1ies to the right of 3. A number
greater tpan 3 cOrPesponds to a point lofated to the right of 3.7

Since 2< 4, 2 lies to the left of 4. Ydu ecan easily~check the
. ‘ . o -7 &g

.
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_ relative positions of numbers'such as 3, 0, F*~ 5. Once'you -
have located the corresponding points on the line it is easy to

’ tell at a glance,whether one.number is greater than another or
less than another.. D : )

The point—corgesponding to O 1s chosen as a point of refer-

~,ej;e an& called the origin. The half-line extending to the right
from thé origin along the number line is called the positive half-
liné. ‘Any number which is greater than zero lies on this positive
half-line and is dalled a positive number. In particular, the
oduntiné-numbers, l, 2, 3, 4 ... are called the positive integers.

-

Additionfgn the Number Line

.-

. Addition of two numbers can easily be pictured on the nuﬁber
‘line, To add 2 to 3, start at "3 and move 2 units to the N
right. In this nay the operation 3 + 2 = 5 1is represented by a .
motion along the numbér line. The motion ends at the point corre- ‘'
‘sponding.to the sum, -

*

s .

You/may also thinkJ;f the number 3 as determining an arrow (or

t) starting at O and ending at 3. To
represent the addition of 2 to 3, simply draw an” arrow of length
2 to begin at 3 instead of at 0. The arrow (directed line 4
segment) representing 3+ 2 thus ‘begins at 0 and ends at 5.
To avoid confusion, these arrows are frequently indicated sligHtly
‘above the number line CoT J . -

directed line .sggm

’

a,
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- Exercises 5-1

-
o a

1, Fdf each of the foliowing numbers draw a number line. Use one
inch as the unit of length. Locate a point of origin ‘on the
line, and then locate the point corresponding to the number.,»—//
Just above the number line, draw the corresponding arrow, o

\ ) 1
(a) b (®) 3 //
. i . ]
- 17 . . 1,
(c) B : (d) < o Com - .

2. Represent each of the ,following sums by means of. three arrﬂys

on a number line, - ' . '
Y . "3‘ 9
a 1 4+6 -t - %(e) 2 + &
(a) , (e 3+ 2 b
1 3 T . a 3
(b) 5 +'% UL 125
, ~ T o -
3. Locate th€\(éﬂlowing numbers on a number line angfdeterminq
which isythe largest in each set. . . . s
: ) ,.If 3;_‘
, ) N S
(2) 1, & 3 - !
' ; R " LN : . 'S . ;/l
G 3§ o e
N N ‘
P
4, Locate on a number line the midpoints of the. Tolléwing

; §egmen€s

(a) From 0 to 2. (e) Fﬂom % o % .
(b) From g (d) From 2 to’ 6.5, .

Use a dlagram representing addition by means of arPows on the
number line to show that 2 + 3 = 3 + 2. wnpt property of
‘addition does this illustrate? N ~ . ,




»
&
b

coe . i AT1 .

. .U )
6.” Using arrows to represent additfon on the number line, show

" that : . . ;o
(2+3)+1=24+(3+1).

e . ° .
. . w0~
What property of addition does this illustrate?

o - LN e
T, Thihk of a way to represent the product 3"~é“by means of '
) ‘arrows on the number line. Try it also for ‘5.2 and 6 “%',

8. How would you show that 2+ 3 = 3+ 2 by means of arrows on the
number 1line? What property of multiplication does this )

‘illustrateﬁ// ; . e
B

5-2 Negative Rational Numbers - . -~ \ < .

In the precedihg discussion of number line there is a very.
serious ‘gap. ¢ The points to the left of zero were ndt labeled, e
Only the balf -line from the origin in the positive direction was
used., To suggest how to label these points (and why you want tot),
let us look at the familiar example of temperature.

‘A number line representing temperature, such as you find on a
;hermométer, often looks like this,

5w R ,

[} 3

L] ¥ T ¥ ] L] ¥ T T T ¥ T L]
. 50 40 "30 20 "I0 O +I0 *20 +30 *40 *50 *60 *70 “
A

Temperature in Degrees Fahrenheit ) .

3

/,{ . - “ | -
Here temg%ratures less than zero are represented by numbers td the
left of the origin and designated by the symbol " = ". Tempera-
tures greater than zero are ideptified with the sign nt ". Thus, -
T10 refers a %emperature of 10 degrees below zero (to the left

-qf zero), ) 10 refers to a temperature of 10 degrees above
' zerof(to the right of zero). Actually, abové zero and below zero

N A
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This idea of distance (or of points) along a line on opposite
sides of a fixed point occurs frequently in our ordinary tasks.
Think how often szspeak of distances to the left or to the right,
locations north or south of a given point, altitudes above or -
below sea level, longitudes east or westy, or the time before or

after a certain event. In each of these»situations, there 1s a

,suggestion of points locagedxdn opposite sides of a given point

(or number), or distances measured in opposite directions from a

* given, point_(or number)., A1l of them suggest the need for a num-

L}

ber line which uses points to the left of the orlgin as well as
points to the right of the origin. . A )

The natural way to describe such a number line is easy . to see.
*You will start with the number line for positdive rationals which you
have already used, Using the same unit lengths, measure off dis-
tances to the left of zero as shown below-

Locate ~I as opposite to T1 in the sense that it is 1 unit to the
left of zero. Similarly "2 is opposite to +2 "(%) is located
-~ opposite to fﬂ, (Q) is opposite to 2’ etc. These.“opposite"
numbers, corresponding to points to the left of zero,.are called
negative numbers., Each negative gumber 1ies to the_left of zero

‘on the numbeiine\an corresponad to theloéposite positive number.

This direction "to th left" is called the negative direction. R )
. Negative numbers are-denoted as T2, (K)’ “( ), (8) etc.,,

by use of 'the raised, yphen. You can read (T2) as "negative two," .

. This symbol " = " tells'us that the number is less than- zero (11es

to/the'left of zero). Sometimes to emphasize that a number is
positive (greater than zero), the symbol ": ton is written in a
raised positfon as, in- T2, +(-2), ete, . °

S




173

The new numbers that have been introduced by this process are
the negative rational numbers, The set consisting of positive
ratjonal numbers, negative rational numbers,, and zero, is called
'thé}rational ‘numbers..
The special set of rational numbers which consists of the
positive integers, the negative integers and zero is called the .,
set.of integers. This sét is frequently,denoted as: )

.

) . I-= (“.: _’4,._3, -2: -l: 0, 1, 2, 3, 4,“'].

Note that the set of integers consists of only the counting num-
bers and their opposites together with zero.

Examples gg'the‘ﬂse of Negative Numbers

[ —
The negative aumbers aré as real and as useful as the.posi-

tive nuhbers you, have used'before. In fact you have used them many
times without calling them neg&;ive'numbers{ Thelr specilal use-
fulness is in denoting the idea of "opposite" or opposLtely
directed" which was mentibned ) ; o

' Let us use positive numbersX!o denote distance east of
Chicago. The negative numbers will denote distances west of
Chicago. A number line like the one below . o

. N » .
P . e . 1 . o,
.

“300 -200 -I100 0 4100 #200 *300 *400-

.-< Distance from Chicago in miles -
T | ‘. //

" can therefore be used to plot'the position ofsan airliﬂer flying
an East-West course passing over Chicago. For an airliner flying

a North South course over Chicago, ‘how eould you interpret this
numher line? o , . * ‘e

- o o

° The time befbre and after the launching of a satellite can pe'”

d




(Seconds before launching) (Seconds afterflaunchidg)

e b
. ’ . P A
) - .
» R r'3

fote that tne numoe; line you use need not be placed horizon-
tally., If you speak of altitude above sea level as positive and
altitude below sea level as negative, it may seem more natural to
use- a number liné in the vertlcax position, N -
*  To represent business profits and losses, a vertical line

is more convenient. A higher position in the line seems naturaily
to correspond to greater profit,

.
AT
°

‘B Exercises 5-2

L}

Locate on 9he number line points correspondiqe~to the follow-
ing numberse. . : "

. .
. <t -
an e

(2) 8. . (@ g

() 1.5 °

e o () -(%il o
s 1ist? ‘

Are there,any pairs of'bpposites on thi

Sketeh the arrows determined by the following rational numbers,
- \ . " - .

.- : ‘ 112 .
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3. Arrange the following numbers in the order in which they
' appear on the pumbér line: 4, %, '(%), g, 76, °(§):¢§- )
" Which 1is the largest? Which is the smallest? - T
\ ’ +
4. How ¢ ould™ vy you represent the following qgﬁﬁtities by means of
ositive and negative numbers? .

(a) A profit of $2000; “a loss of $6000. o e
(b) An altitude of 100 ft. above sea level; an altitude of .
C © 50 ft. below sea level. ' ‘

(c) A distance of _2»miles East, a distance of 4 miles West,

5. The elevator control bcard of a department store-lists the
floors as B2, B 1, G, 1, 2,-3. Here G refers to ground ~
leveldand Bl, B2 ’denote basement levels, How could you
use positiv&#&nd negativeﬁnudbers to label these floors?

-
»

6. ‘Dgaw a number’ line indicating altitudes from "1,000 ft... to,
+lO 000 ft. Use intérvals of 1,000 ff. Locate altitudes of °
"800 ft., *100 ft., T2500 ft., 500 ft. ~

L] . ‘

5-3 ”Addition of Rational Numbers Y -

You saw that the addition of two positive numbers is easilv U .
., repyesented on the number lire.” 0 #%e number line, the sum
4 + 2 1is” represented by the point 2 units beyond 4., Nofe that .
in adding a poasitive number to anotH%r posithkve n ber,lyou always
move to the right '(in the positive directionf alorjg the number line
-So t is process of addition can be descriped by saying that in !
adding 2 to 4, you start at 4 and move 2, ﬁnits to the.right,
‘or 2 “units in the positive direction, You saw that a.convenient (
way to represent this process is by means of arrows (directed line .
s fments) of’ appropriate length. Thus, the sum 4 + % corresponds

this picture. S ,  4+2 vy .,
» . ' 4/’i2/ s ‘ i
‘ S T 7ol 2345678090, y
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" Think now of our costruction for the negative numbers in the
number line. Remember.that ~2 1is the opposite of 2., To say
that ~2 1s the gpposite of 2 means that ~2 is the séé dis-
tance from O as ‘2 but in the négative direction as’shown here:

’ - . . <

."

¥
+
v

N 2 0 2
K -t * - ! '- LR ( .
The arrow assoeiated with 2 is 2 wunits in length and specifies
the negative direction as indicated in the sketch. How would you
Csketen T T(g); T3 ()2

A

A
What would the sum 5 +° (" 3) mean? Using. dlrected

' arrows, yod oan ‘find the poinﬁ corresbonding to 5+ (73 by start—
ing at 0, moving 5 units in the positive direction and then 3
units in the negative (opposite) direct&on. Thus, 5+ (73)

as shown in the following sketch:
v . N AN b -3

u
»
SR = e
(8]
*®_
&

-
»
Lun

Here, 73, As associated with ‘an arrow of length 3 wunits directed
in tne negati ve direction. In adding (73) to 5, _you simply draw
the arroW‘Tor "3 as originating at 5 (that 1is, beginning at the
end of the arrow correSponding to .

5
i
3

s
s

o
:




<&
4
N

o
we
N

£

. . . ¢
o N
) oL
. ) 7T . : : -
. v o .
A’%‘
To add 3 and b4, draw a sketch like .the foirowing
. le— 4. v, .
. I‘ IL 3 N . * ﬁeg
ma _= _ T ; } —+ — } 4 e
4 3 2 -t 0 2 3 4 5 6
. , 4
-~ » v

‘Thus, 3+ (T4) = "1, Find the sum 2 + (75) in the same way. ..
Consider the sum (72) + (74). 'Here the arrows. are both in-
negative a‘%ection. You can see from a sketch that (72) + (T 4) (;6)f¢w

‘ 2 b R - T -‘-;gf(’.,
- L R
. 6 S -
.7 h _ . ¢ _ 2 ;;?5
4 ., e ~ »
) . ‘ Yo
i s e L Il & n 4 3 h
R B e L A

"In the sdﬂ% way, find the sums: (73) w (T2)%5 (71) +( Eb e

+ B s

o (76) + (o). ~ SRR B ¥

b One property of special 1nterest is 1llustrated by the sum .

("2) + (*2).

-

af

..‘(,'

3. ! .
L \‘1 Wg: -

SERICT T 1T
t iHMHE‘“ L

4:"v' "9' -
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Here 2 corresponds to an arrow of length 2 units in the nega-
" tive direction. Adding (72) and ?*2) cérresponds to moving
2 units to the left from 'O and then .2”units back to O. Thus
{72) +-(2) = 0.7 Ccheck that (C1) + 1 =0;,-3% (73) =
(78) + 8 = 0. ‘ | SRR
° You can see by the use of the number line that the addition of
numbers, whether positive or.negative, is really Very simple. You
need only keep in mind the locatign of the numbers on the number '
+1ine to carry out the operation. It is seen that:

5

‘,'When both numbers are positive the sum is positive,

" as 1in b+ 2=6

\/
when both numbers are negative the sum 1is negative,

as‘in ( 4);f t72) = 76, s )

’ .

. - = % .
~ When oneé number is positive and one number 1is negative,
it is the number farther from the origin which deter—

_,mines whether the'sum is positive or negative,

. ' R
.. For ‘example:

In (T4) + 2= 72, . #

) J
the sum is negative becLuse the "4, which is
ﬁarthercfrom zZzero than 2,‘,is negative.

Inil~y 4 (T2) =2, -

L4 ¢

thé sum 1is positive, because the 4, which is
fgrther from zero than 2, is posit

- / . g,\ﬁ

Another way of saying this 1s, the/arrow of greater léhgth

determines whether the sum 1is positive or negative In fact, thi; ,

*onn le aiso works 1n the case when both numbers are positive or

/

.
/!

o
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\when both numbers are negative. thice that in cases.‘like
(72):% 2 ;and 3 + (73), the arrows are.of equal lengths ‘but
opposite in dirgetion. In these cases the sum will be zero. P//——AS\\

-

L

< .Exercises 5-3 ] ' . T

1, Find the followiqg sums and sketch, using arrows on the number

~g¥T

line. ¢
(a) 9+ (5) L @ 5 (0
C o) 10 + (77) “(d)(12) + T

.2. Supply the missing numbers in each of the following statements” N
’ so that each statement wil% be true, { . r~

/
(a)«. .' 3+ (73) (c) (-75) + T 3 .

- (@)’ e (T2) =

18
o

(®) () + ("4

iy

3: Obtain the éum in each of the following probléms Sketch fhe

addition by meansfof'arrOWS on the number liqe P
» ’ Ty - N .
- (8 25+ (76) (¢) (-8)+ 1
RS ] o
Ly Uy e, (- (Te)- S R

. \ N o n o
‘ ' 0
\ g

4, si pply a negative number in each blank space ~S hat each sum ‘.

d w 11 be correct. . .. 1 o .
. . g‘f;‘ ‘ - R _o .
s.(fL?‘ R A O S PR
o w0 - ']1'- L) ("4)/ (D) =(h0). -

- -y " - - .
- ‘A .
y , : . .
o . 4

o

. . . i .
. ' 1. 1 8 6' . . -% \A(‘.‘ o
- oA A \' o . . . ‘ A p




A company repyrts income for the first six months of a year
as follows: N "

Y

éJanuary $5000 profit . April '3;0 ‘profit
February 32000 :brofit May ~ - 4000 oss "
‘ March ' 36000 . loss June ‘33000 loss v

. TR I

+(2) How could.you répresent these income’ figures in terms of 4

\\\\positive and .negative numbers? )

(b) Wnhat is the toial_income‘for the six-month® period? ~

(¢) What is the total income \for the fimst three months of the
year” , o ' .

(d) What is the total income for the four-monsh. period,
March, April, May amd June?

#

%

Id four successive plays from scrimmage, starting at its own
20 yard line, Franklin High makes ’

a gain af} 17 yards, then
{a loss of 6 .yards, next

a gain of 11 yards, and finally.
“# loss of 3 yards.

’ -

(a) Repreéent the gains and losses in terms of poéifive and -

negative numbers., C - CL
(b) Where 1s the ball after the fourth play?, = s
(¢)] what is the nét gainfafter th;

»

(a) Think of a way to repreaent the product 3('2) by|means
ui'arrOWSron the | number . line., Try 1t also for:

four.plays? .
. .

K

-

e sty - PR
(e) 2 (). : L

.
.. . . . . , N
.\‘e L] .t
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Inverse Elements“under Addition . S ‘ . .

Recall that +2 ; [¢ “2) = 0. This-BEntencegsays that (T2) 1is
the number which when aaded to f .inelds 0. You saw previously D
' that 0 is the identity element under the operation of addition.
* Any two numbers'with Sum O ,are said to be’inverse elements under
. addition. Hence (72) is-£he inverse element corresponding to +2
under the operation of addition, Theref?re g 2) shall be called the
additive inverse o# t2, Likewise *2 .is the additive inverse of ( 2)
. Taken together, the elements 2 and (T2) are called additive
;gﬁérses.? ; - T

¥

[ LAY

Class Exercises 5-3a .
+

1. Find the addit;ve inverse of each of the following numbera
7, (79), 11 (12), (6),, 15, (20), o, ("5, '

l], - : 30 . N s N # i . L
K (g') ' 3T . i * . .
. ) £ - Co. ' ° ' ] : . . .
2. Which of the following pairs are adqit}ve inverses? .

i ('a)g*eo; 20 o + (e) 5, -(,;Q
L) (75), (75) @ F ,

’ 99" ~&
On the number line you can see that any number and its addi- :‘. $

tivé inverse will be represented by arrowa of the Same IEngth ,ané
opposite diredtion. When added, thesep"opposite" arrows of eqpal

'length always give 0. "’ : _\ ! '/ ar
\/ \ . ' ' . & -.w‘ e

s
- ~ t




or negati e. The length of the arrow forfthe sum can be obtained’ by
the picture of additive inverses. For example, in the sum v f}f} )

*

5 + (7 2) = '3+ you may write . ,

.
-

o N 5+ (2= 3+24 ("2) | ..
< - 3 r/
by introducing the additive inverse of the number representfd by

7 the smaller arrow. ~ Then, S )
i - * T -
LIS

~  since, 2 4 ('%p %0 .you have
IR B
: T - - .
s 54+ (72) =3+24+ (72 =3+0=.3..
. . I

- .o

8

Note that the other arrow of the two 1nto which 5 18
represents the sum 3. ‘ PR

4

Y .
4 fﬁis procedure is
111us rate. -

S~

8+ (77) ‘,1 T+ ("7) =

(8) + 720 + () 4 7

K ,19’+ ("26) = 19 + ('19),+ ("7




/ Ciass Exercises Sagb

1. Sketch'the arrows corresponding to the numbers in the above
thr eXampl In each case, determine the arrow correspond-
e .
ing tao the sum.. . , . \ ~

-

2. Perform the following additions by introducing the additive
inverse 'for the smaller arrow;. and sketch the operation on the
.number line.

&) *10% (7s) | () (W43

() L 8+{76), (@) (T13) +9

a

v

5-4 Coordinates and Graphs

'__. ,Coordinates on a Line ) . . - ~

L) ’ CT
2

Let us consider the number line from a different point of view.
As you have seen, a rational number can alWays be associated with a.
point on the number line. The number associated in this way with a
P jpt of the line is called'a coordinate of the point, In the draw-
ing below, thHe number zerg is associated with the reference point
called the origin.

Point A is denoted by, the number (+3) Point! B is dendted by (~ 2)
A(*3) s written to mean that A  1is the po nt with coordinste |3,
Tikewise B{ 2) means that B is the point with coordinate ( 2) on

the 1line. &
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Recall tnat'gvery +positive rational number 1is asscciated with
.2 point on the positive half line., Every negative rational number
corresponds tq @ point on the negative hakf-line,. The coordinate
that 1is assfgned to a point in this way tells us two things, It
tells us the distance from the origin to the point, ‘It also tells
us the direction from the origin to the point,

? - Y-

- L . ‘Exercises 5-Ua ’ N

3 ) ! : ' :
1. Draw a segment of a nqpber line 6 inches in’lepgth and place

the origin at its mid-point., Mark off segments ¢ ength one
inch, - On the line locate the following points: )

D, B3, c), 100, (), AN 2

2, (a) In Problem l how far is it in inégés between the point

— labeled T ‘and the point labeled L? | \
(b) Dbvetween P and B? ’ .
(c) between L and {%2m-;f _ .

(d) from the origin to A?

4

3. Uslng. a number line with 1 inch as,the unit of length, mark
the following points:

. _— S 4 g &
: R, (@, (P, o), E( 3.

4., If the line segment in Probiemh3-were a highway and it was.
drawn to a scale where 1 inch presents 1 miqurhow far in’
‘miieé~i§ it between these points on the highway: - R
¢ 7 @
(a) F and R? :
D and E? . - -
— e

5.\ Draw a number line in a vertical instead of horizontal position,

Mark your number sca}e with ppsitive numbers above the origin
and.negative numbers below th origin. Label points to corre-

s

' spond with the rational numbers O:“l 2, 3, 1, "2, 3,;’ﬂ.
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S 1is directly above the point A(+3), To locate point 'S,y draw
a vigtical \umber line perpendicular to "the. horizontal number 1line
< and intersecting it at the origin. Your drawing should look like
~ - ghisyy - o LT —ocoem o ' ¢ -
4 -
~ - « L R Y *
. R v~ e
" / i \
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" The horizontal number line is called the X-axis fnd the: ertical
nimber line is called the ¥-axis.’ When botk number lined are
referred to, they are called the axes. - < .
_ .‘ . - it . ) .!&4’.

v

*’ Coordinates in the Plane %”g

Recall from your previpuE, work in tshis chapter th'&t number . .-*
lines can be drawn vertically -as wel‘ as horizontally.
You have learned that a single coordinate locates a point on

the number li.ne .

and cannot be lo’oated by a single coor‘jinate

A poin§ like

. B "\; : e
* —”
s

v = - ¢
-
185 ) - :
. 2}
¢
. < .
-
<
* [

. i

S Dbelow is not on the number ine

Howeven, you can see,

3

192 . | , -

.

-
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To determine the coordinates of point S 1look at ‘the diagram
above. Draw a line segment from point S perpendicular to the
”k aiis.‘ It intersects the X-axis at ~(+3) Now dray a perpendicu-
lar from point S to the Y-axis at (to). Point S has an x-coor-
dinate of (*3) and a y-coordinate of (*t2), which is written as
(3, *2),
before the y- coordinate.
In the diagram below, observe how the coordinates of poihts
A, B, C, and D were located.

Y h - <t
* N / s *
+3<___.___»__.__._:A(4,3) —
. .
‘ B(1,2) ——Bt2 | .
ot T |
: | ¢
| Bt | ‘
I , |
3 :, ¢ 1 L ¢ i Iy b
‘;"s o T4 32 O H A 4 #5 +e X
e —— — ———- + o
L671 - | . :
. v Ll — ——ip(*2r2) :
- . ‘ -3: - i
L, ) .
\.4‘-
A
¥~
» [
Thus,’ in general, P(x, j) represents the point P 1in terms of

its coordinates. This may be done for any point P 1in the coordi-
nate plane5w~This system of coordinates is called a rectangular, \‘
system beoauee the axes are at’ right angleswto each other and
distances of poings from the axes are measured along'perpendiculars .

‘f1§§3 :

:

‘Parentheses are used and the X-coordinate is alwaye\writtenv




A

from the points‘to the axes. Each ordered pair of retional numbers

is ‘assigned to a pdint in the coordinate plane, Locating and mark-

ing the pqQint with respect to the X-axis and the ¥Y-axis is called :
plotting the point. : . . a .

The idea of a coerdidéte system 1is. not new to you. When you.
locate a point on the earth!s surface, you do so by 1dent1fying the
longitude and latitude of the point. : . '

Note that the order in which you write these numbers 1s -
important. Suppose you were giving directions to helﬁ‘a friend
locate a'ceftain place in a city laid outrin rectangular blocks
(streets at right angles to each other). You tell him to start at
the center of the city, go 3 blocks east and two blocks north,. .
Wwould this be the same as telling. him to go 2 blocks east and )
blocks north? Of course not! Do you see-why it is important to

be carefyl with the order when writing a pairlef coordinates?
~a a * »

. N .
. . Exercises 5-ib

-

[ ! o
l. Given the follpwing set of”érdered pairs of rational numbers,
locate the points in tge/gtane associated with these pairs,
41 R

1), " (1,00, (9,1, (2,4), (4,8),

("L, (73,3), (,,73), (75,3), (0, "5), (76,0))."

2. (a) Plot %he coordinate pairs 1n ‘thel followimg set: ;o
A= {(0,0), (71,0), ( (*1. o),, (72,0), (*2,0), (73,0),(%3,0))
(b) Do a*l of the points namegd by Set A seem to lie on the g
' same line? b, ’ RO
. (e). Does the condit@on = 0 describe the line containing

the points of Set A‘7

€
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(a) Blot the coordinate pairs in the following set: C .
B = ((0,0), (0,71),+(0,%1), (0,72), (0,%2), (0,73), (0,*3)}

*(b) Do all of the points named by Set B.seem to lie on the .
same line?

(¢} Does the ¢ondition x = 0O desar;be ‘the.line containing .
‘the” points of Set B?

L

Did you n3tigé that the half bLanes‘abo;;.and below the X-axis
intersect the half piabes to the right and to the left of the
, Y-axis? These intersections are called quadrants and are numbered
» in a counter-clockwise direction with Quadrant I being, the inter-
>séqtion o, & gpe half plane above the‘x-axis and the half'p;ane to
the right of the Y-axis. This quadrant. does not include the ﬁoipts
- ~on the pésitixelx-aiiglQr‘positive Y-axis, ﬁor does 1t include the

L]

. origin, . .

l‘*

£10,10) C - . (Ho, 10)
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Points in the intersection seé of theseztwo halY/;lanes are
in shevfi;st quadrant or Quadrant I. The intersection of the half
plané above the X-axis and half élane to the left af the y-axis is
Quadrant II. Quadrant III is the intersection of the half plane,
below the X-axis and the‘half plane to the left of the Y-axis. °
Quadrant IV is the intersection of the half plane to the righ% of
the Y-axis d the half plane'below the X-axis. Note ‘that the
coordinaty féé are not a part of any quadrant, é )

The numbers in an ordered pair méy bé posi ive, negative, or '
zerog as you have nqticed in the exercises. Both numbers gf the
pair may be positive. Both numbers may be negative,. One‘may be -
positive and the other heéative. One may be zero, or both may be‘
zero. : , - :

‘Where are all the points for which both numbers in the ordered
pair are oositive9 will they all be in the same quadrant? How-can
you tell‘7 _ : .

Where are all the p01nts for which both numbers of the ordered
‘pair are negative? 3how this by‘plotting some points, Learn to
predict in which quadrant the point lies if you know its coordimates.

\ . .
\ [N

3

Class Exercises 5 ua h

1. Given the following ordered jpairs .of numbers, write the number
of the quadrant in which you find the point represented by each
- of these ordered pairs.

Ordered Pair '

(a) (3, 5 (b) (1, "8) < (c) ("k, ¥) (d)
(e) (8, 6) (£) (7, 1) (g) (73, "5) )

2. ' @) Both numbers of the ordered'pair of coqrdinetes are
< positive, 'The point is in Quadrant . .
(b) Both numbers of the ordered pair of coordinates are- -

. o

‘




L2 1,

2.

~,

3.
~
NS 3.

4
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negative. The point 1s in Quadrant 4.

(cbm The x-coordinate of an oydered pair is ?eggfive and the
y-coordinate is positive. The point is in Quadnant

(d) The x-coordinate of an ordered paif‘is positive and the

y-coordinate is negative. The point is in Quadrant

(a) The x-coordinate of an ordered pair is zero and the
y-coordinate is not zero. The point lies on which axis?

(b) The x-coordinate of an ordered pair 1s not zero and the
y-coordinate 1s zero. The point lies on which axis?

is located where?

»

: Exercises Siﬂg

(a) 'Plot the points of'set 'L = {
(b) Use a straight edge to join
AB. '

a(*e,

“(¢) Both coordinates of an ordered pair are zero. The point

.

"1);-B(*2, *3)).
A to Bv'

Extend line segment

°

(¢) Line AB séems to be parallel to wﬁich axis?

(a) Plot, the points.of set M = [A(+2* +3), B(+5, +3)}.

-

(a)~ Plot the points of set P = [A(+4 tyy, (+2,'0)} \°f’.

(b) *Join A to.B. Exténd lingé segment AB.
(c) ' Plot the paints of set @ = [c(*6,%3), D(0, ’“1)?

Yy

\’f% (d) Join ¢ to °D. Extend line segment CD.

L] ;

(e) What 1is the intersection set?

on the coordinate plane.
fb) Use a straight edge to’ join
(¢) 1Is the triangle (1) 'scalene
(3) equilateral? '

» l’{'

T

" e

A-tb B}

’ '(2)

. LA

P

/
|3
J(a) “Plot the points of set“R'= (A(6,0), B(*§, o), c(+3,*;u)@

'B'tO c, C tO A.
480sceles or

«

(b) Use a straight edge to\join A to B. Extend line .segment
AB. . . : ;
(c)' .Line AB seems to be parallel to which axis?
o :
(2) Plot the poigts ;)f set N = (A(0,0), (+2 3y .,
f{b) Join A to B. Extend 1ind segment AB., o L
(c) 1Is line AB parallel to either akis? '-:j SRR



Plot the points of set S [A(i?: +2)), B( 2, *2), =

- - - ; ,
c("2, "3), b(*2, T3)h - K K

. Use a sgraight edge to ﬁoin A to B, ‘ﬁ'tbfc, CtoD
. ‘ o - ,
and - D to A, Ny ;

JIs-the figure a square? <,

Draw the diagonals of  the figure. S b
(e) ‘Thé coordinates of the point of 1ntersectign of the
dia%%?als séem to be

(a) Plot the points of set T -= (a(*2; *1), B(+3,‘+3)%
("2, *3), (73, *1)). | : L
- - _ y
(v) «Use a straight edge to join A to B, B t&*C,. C to D
a.nd ‘D to’A. . ' C
(c) What is the namef/j;the quadrilateral formed? .. -
)

(d) Draw the didgona f quadrilateral ABCD. " .-
( ) The coordinates 2; the point of intersection of the

‘

.

diagonals Seem to be

3
.

Ve
Gragh .

Consi"der the following statement:
o & '
-2 \ - N .

Draw a pair of coordinate axes and label them, ﬁoeate a pol t
(0 4) in- the plane., Locate the five other points;: Ty #), (é 4)
(T2,4)/ (5, 4), and (7;4). ,The statement .y = 4. déscribes these
ordere pairs of numbers since the y-cooydinate in each pair is 4
@re there other goints 1n the plane witH a y-coordinate of 4o
. Draw a line contaihingﬁthe set of points ‘descrived by this state-
ment y.= Li- Are the x-coordinates of all these points equal° B
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-

« A - e - .

The\graph of the set of points described by the statement

= 4 1lies on the line

i units above and parallel to the X-axis,

Class Exercise 5-lUb < .o

7/ P

¢ .

~

1, Wha.ia statement describes the following set of ‘points‘ in the ol

coordinate,planeO’ )
(a) The get of points with'®

~(b) The s€t of points with.y-coordinate "3, RN .
) The set\of points with y-¢oordinate "4,
o)
. The set of points with-y-cod%dinate %. 2

,Skebch the graph of’ the set
statements listed ahove.

.
>
»

y-coordinate ‘3, '

of points described by each of the

.. 4 ) S oy . ’
2. Sketch the graph df the set’ of pointsidescribed by each<§tate— :y
°, ment listed ’ : s '
‘ r . v
’ - ‘ P /o
(@) . x=2 ) (@ y=2 é
. ) - 3 h- l" - * 3
-, )y y=6 (e) oy =1 , v
) xs 13- vLoo(f). tx= T3 Y-
‘|. ° L ) - . , .
"A \] L “F .-
~ (2 v
Now let us consider.these statements: "
_ (a) y >4 (b) y < -
(. . :
L t’/' - % : /c I’ ~
. . o ) L‘ e . ) r 7 . ':
. N{ﬂ;% t .
‘ ‘ ' s
‘ i Sa ] o
/ ; -
.’ ¢ -~
I : : o ' ,
o\“ D > . '{
' c 199 _ _




' g I .
z’:f g S ’
s .
[N P
v - . ) ]
\ - 4
' - Y
’ )
z, v
. .4 ~ -
" /’a ,_Lr /‘t\
‘/ . ,,“f: .
. —— ¥~ i
* . ‘. D
! ) i ‘ b
- - ‘ t’ <€
s i ' | .
s N ST
~ R A T
. . . ! -
L » .
In diagram (a) 1inecf , you reca11 is the graph of the set of
points described by the statement y = 4. Choose a point (2, 6?

Does the statement y = h describe this ordered pair? Sinceythe
~3- -coordinate in/this ordéred pair 1s greater than 4, the statement
y> U descriﬁes it, Are there other points in the plane with

. y-coordinafes greateg,than ko Tocate two qther points, k and m,"

' with y/éoordinates greater than _h. Are these points above the

¥ line Yes, they are in the shaded region which 1s one of %he
6;1f nes determined by-the line y = 4. .

! / The graph of the set of points described by the statemént
", ¥ > 4 lies in the half-plafe above- the line 4 wunits above and .
7para11el to the X-axis. . - - -

In the shaded part of diagram (b) are located points for
which the coordinates satisfy the statement vy <4, Locate point
- (2,1) in this region. Since the y—coordinate is less than 4, the
statement ¥y < 4 describes 1it. Locate other points in the plane

with. y-coordinates less than ¥. Are these points in the half
plane helow line«p? Try Sther points in the hatf plane below,;line
.pto see if they satisfy the statement y < 4./'

.. The graph of the set of points-described by the statement
y-< 4% 1lies in the half p13ne below the line U4 units above and
parallel - to the X—axis.

\).‘ . o v 2‘0‘{9 ° . \.
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Exercises 5-4d ’ ;ﬁ .
‘fh
£ 1, Sketch the graph of the set of points selected by each state-

ment below, Use different coordinate axes for each graph,

() y="e . (a). X='3.' )
® . y>*t2. T m) x>73

) y<te (1)  x<73 - <
(ay. x=3 . () y="2 - .
(e) x >3 (x) y> 2 .
(£)  x<3 . ) y<e *
':Eét\us look at the statement y = x. Using the points Aamed

by the'coordinate pairs of set Q, sketch the graph of y = X,
; .

Q= ((0,0), (1, 1), (71,71), (2 2), ( 2,72), (3,3), (7 % "3}

. Does it seenxto ‘be true for every point on the sketch that the
y-coor@inate is equal to the x-coordinate of the same point?
’ N * . .
y=Xx i ) , yo>x

™

» [

+ .M @

ey
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How does the graph of § > x diffepr from the graph of y = x?
"Is it true that the set containing coordinate pairs with the

. m;coordinate greater than'the corresponding x-coordinate fs the set ’

\
Jde¥eribed by- the “statement y > x’

Exercises 5-le

.

Use a different set of coordinate axés for each graph. .

1. (a) Find foyr points different from the points'in Q, des-
cribed by the statement y =

LY
(b) Draw the graph of 'y = ) 5
2. (a) sketch the graph of y < x,
- (b) Construct a set R containing the coordinate pairs of four

. points described\by the statement y < x.

3. pescribe the differences'between the graphs of y = x, 'y > X,

and y < X, c. l - ¢ @
- A

-

- L

5-5 gLitipiication, Division and Subtraction of Rationé& Numbers

Some of the 'cells in the table below have been filled from ouk

' knowledge of arithmetic. Also the property thdt the product of a
negative number and O 1S O has been used.

-
» N .

.- -2 -1 0 1 2 3
© v T2 : 0 4 "
"1 0 ] c;\n
. 0 0 0 0 0 0 0 :
i [ ¢
. 1 0 1 2 3
2 / "0 ‘2 4 6 ‘
3 0 3 6. 9
. 202 {




,

H

196

r

\

N\

/7

s

\N?W to complete thé‘pab;e, observe, for example, as.jyou go up in

the right hand column that each number is

3 less than the number

below it.
Thus,\the "3 column" Wweuld become

N

9

Similarly the "3 row" would become
. ' ;

>

This column shall be referred to as the "3 column."
“;,zh._f. .

Od

"6

9 J

[

Applyingfthis notidn to the remainder of thé cells, the table

~ . f '

would be completed as shown below. \
\ .
[ o » ., ,
A Y . \
¢ 7/
. T2 "1 0., A4 2 '3
. ] . T -
2 4, 2 0| T2 4 6 >
"1 2 1 0 "1 T2 °3
4 X w *
0 0 0 .o 0 0 0" :
1| o2 | 0 17 2 3
\ s . o*
_ ..
> 12 4 T2 0] 2 4 4 6 -
\’. - '“'!""‘3 ’ : '
31 6|73 |0 3.6 9 |
, . \} -
Al v l‘
. N * ’ ’ "p &
‘ . % 0N
' i %
N . .

C e

~
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In particular, you can see that the top row, which is the " 2
rowe i1s completed as shown here: )

s

- In other words, if you are to keep tﬁéﬁproperty of multiplication of
counting numbers, which you recalled earlier for multiples of 2 ana
7, youmust accept the following products:

~

- ‘("2) - ("2) = uand(z)-a 6. :

-~ 3 ’

You should notice similar results in other ‘parts oé the table. Fotr
each column and each row; ’y"the difference between two consecutive
‘entries is a fixed amount. As far ‘as this table is concerned the
product of two negative numbers is a positive number, and” the pro-Js
duct of a negative.and a positive number {in either order) is a.
:negative number. , These conclusions are actually correct for all
positive and negative rational numbers.’ It should be clear, how- .,
ever,.that this result has not been proved nor had it been given as -
part of a definition. Only onekreésqn 'has been snown.why the con-
clusions are plausible, SR v N
0 the‘exerciFes your attea;ion will be called to other ways

which should make our conclusidhsbaboﬁt prodpcts of positive and . v

-

negative numbers seem appropriate. ’j ; . .
- » - « v W

\
t . .
" . ", . . .

Exencises 5252 -
2 -

l, Look a{ the large mulQiplication table wﬁich was completed in
. « .
this section. , In which roxs do the products increase as you -
move to the right? ‘ - .
e, , .




2.

s
L2

.as you move down° . ™ .o
’ Give, in correct order, the products of 7 and the integers
‘from -"4. to 6. . .- . - )
Give, in’ cortreot order, the products of "} and the inteéers
frop ~5 .to 5. . . - o -

at the botfom of the table.’ _ T . \ .
.. . : . -, ‘ i
.- N
[ ‘ ‘ S
30 T2 T1N L0 1.2
— \ C
_5 . . 4 ] <
i 3
- “4
-3 |, ) i
. J !
P . ‘
o 2 .
. . . >
..l( “ y @ . ."? 2
‘;‘,4-0 s e
- i o ; & :
‘1 ° 4
.6
’ . T AN
- Illustrate the commutativb property of, multiplication form ‘
(a) "2 and 1 (b) "3ando (c). "4 and 5 (d) 15 and 6

Using the same table, in which columns do the products decrease

Complete the following table. If it helps you sge the pattern,$
add approprlate columns on the right,‘or add appropriate rows .

Illustrate the associative property of maltiplication for

numbérs: "2, "1, and 5.- . . '




©

-After\losthg 2 yards on each of 3 syuccessive plays,

199 ' n

Illustrate the distributive property of murtiplication over

‘addition forathe sets of numbers,d using the last two numbers

in each set as a sum,

(a) "4, (348)° (v) "2, (‘§+6) (c) (78 +71)

4 ¢

Find the products: . ’ - oo

(@) "wfo T e welse o
) hez 0 (&), e e o<
(¢) T4-5 (n) 6.8 - T12 _

(@ 8-73 . (1) "0+ 8 7§

(&) 17+72 (3) “(3) 7(18) - "3

Find the products’s e e .
(a) ( 1)'-9 (®) (D+5 (e} () 11 (d) 8+ (1) (e) 77+ (1)

ol

Show the use of the number line in finding the products: |

football team is on 1its own 30-yard line. .

a). At what pogition was the team before these losses?

(b) _ If you express a loss of 2 yards with the number "2,
tﬁ%“positionsof*the“tesm before the 3 losses is given:
by - 30 -i' 3(72). Wr‘m..do Jou subt‘r'act 3(72)? W

[ .
" » °

Interpret the following expresslons in terms ‘of losses or

gains of a football team, - P

(8) 47 + B("5). _
(b) 15 2(73), % .- %

b) 5-'2 : (e) ¥ "3, B
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1%, Find n in each of the following equations.

. (a) 3n = "36 (a) = 30 3 SRS
© 0 (b) Sm= TS5 “(e) "2n = "8a. |

" (c) "en = 10 L. (£) Tén = 12

. .. . ' . . . ,'/
15. In the following problems in multiplication put a number in -

-

the parentheses so that the statemgnts will be correct.

L)

Y ()5 =12 () (9 () = @
(b) - =5.() = fl?l (£) "11 +() =T110 : \
() (10):() = 100 (&) (:() = 1 ., O
(g (75) -() = =20 ,E(h) (’7)}(')& 0
16, Find éhe‘prodﬁcté: . : ; B ' ,’;
(a) . (76) /(“10) (e). (7 4) + (T10) T
() © (73) -« (¥ (£) + ("10)
(c) % .- 6 (g) (T20) - % .-
. @ s Coim e () |
‘ ) i.‘ /\ .
.Division of'ﬁationaf)kﬁmbers B .
You know that if 3 ¢n- = 39, then n = 13, since 3 .13 = 39. |

Also, 1n the definition of rational numbers you call 7? (or 39 + 3)

the rational number n for which 3 +n ;391

3\_1: 39 .

Let us apply these methgds.iq division of réfional numbers
involving positive and negative numbers

.
- ;“ )

207




- .. © Find n if 20 = ‘i8. ‘ j{ L
| ’ - We know  ° 2 (79) = -1é
Hence, S on= "9 or ('18)
. Also 18+ 2= R |

-

In tﬁis‘section,'diviélon will be discussed only as the opera-
tion which 1s the 1n!$rse'oﬁ miliiplication. ® To find "8 + 72,
you can. think ) .

84 2=n or "2 *n = “8 .
n = 4, since "2+4 = "8 ‘
© P "8 & "2 = 4, ) ’ P

-

*.  +The questioﬁ, "what is 16 divided by ~42", . is the same as
the question, "By what number can 4 be multiplied to obtain 16?
s

You know, -4+ “4 = 16. Hencé o o,

+ ‘ “
.

Which of the following are true statements? ¢

R

(a) 763 + 79 =7 (@ "2 (3 =3
() 45 % 35 = 9 (&) 2+ 3'=7(3
() 8 - % -0 (0 3: -2

o

ar
<

You should be able to show that all of these aﬁ? trué state\ .

ments except (b) and (e). ' .o T
Before starting to do the exercises, study the following and
be sure that you know why they are true statements. .
L 3 R ‘5 . . 4 A) cs H
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7. 75 =35 35+ 77 =75 3B+T5 = T
) ’ 4
TP = 5% /T =5 TS = 7
. 2 = e 7. 5 PR 6
7 . 5 5 = 7.- 7 5% 7 7 ,
. ' o -
- 5 - - R e 5 < 5 . N 1S
‘z . = - = — - =
What 1is fh\e reciprocal of '(-g-)‘} Yoﬁ know that ‘(%) and \
n abe reciprocals if ’ ,
N . - ll» - . * \/k
(‘3) bd ’ d = 1 - M
, ‘ B, 3 K
Sdnce . (3-) . *(F) = 1
' and’ BT =,
C . : Mmoo
: . : L e
we have 3 n o= (3 .. :
i (11;) . . :é
‘therefore, '(%-) ;gﬁthé?:récippocail of '(-g-).
‘o
. d 4 N o \’}"—5\\\ ) %
ﬂ{ ’ \Exeﬂcise‘s 5-5b : : T
;,l.v F:ind ;:I;Je prodﬁc;ts;'
. T ’ - o =3y . .
(& e o7 (@ @ -
(b) "4 - "3 () "0 “(§) x :
() 2776 S m @
t _ - -~ PSR »'
~ {0 \
N . A% ’ , ‘
A* 209 :
° 8 . -2



203 . , . »

2, 4Find the quotients:

(a) "28+ T (@ 3+ &

“ {p) 12 + 73 ~ ' (e) . 4+ (%)
»  (c) ‘127 2 (£) %-i- () \
(.3 " L4 \\

- : ‘ 3, [V
(2) 5r="10 (@) 2r= 2 -
BRI o) 3r=Tg)
- ‘ ; - -:18
c(¢) 3r="22 . (f) .(C6)r = (_3_
4; Write the’reciprocals of each number ip P:. ¢ “ ..,

P = [6, %: i: %: -l:' -(‘g'): -(%)} i "‘

. & o
5 Divide in each of the following:

L

" (d) -}9@ e (e) —?% 2
() 2 () %‘3 o
o (¢) :%é ‘ . (g) §% S
6. Find n 1if; )
() ="2+3 = n (b)) = 2473 = n -
, : 7~ !
a p , e
. 210 |




204

Write” '(g) as a quotieat in two ways,
: ~\

Find n 1if
() 7Th="6 - ) Tn=6

.

Write two sentences,,using n, 1in which n = '(%) would make
the sentence a true statement,

Find n for each of these equations.

() ("25)n =792 (c) "han=T(d

() (92)+(25) =0 (a) () (W)L

. Complete the statements:

% is the rational number x for which

‘e

(b) 1f g is a rational number then

b are N
- 7

(¢) 1f % is a rational numbér then

" either a or b is

-

is

v .

-

¢

Subtraction of Rational Numbers

" In arithmetic you,learned, for example, that if 7 : U4 = 11
then1l - 7 =4 and 11 - 4 =7, Or if 23 + 17 = 40, then

30 - 17 = 23 and 40 ~ 23 = 17. Using'leépers for positive num-
&, bérs'you make use in ariﬁ??etic of the‘property;

2

. // If a+b=2¢§, then "¢ - a =b
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'This,property will be used for negative numbers as well. for
example, it will be said: S \

v
L4 *
L3 . . *

+ If84+75=-3, then 3-8="5 and 3-"5-=8.

-
©

it may help ‘you to understand ‘this if you refer again to the number

" line. .. R T . N

' ber line ‘show 8 + "5 = 3. The arrows
below the number linelshow 3 - 8 = 75, 1In .the exercises yoﬁ will
' be asked to suggest i of showing 3 - (75) = 8, using the
number line. This showld be easier to do after you have had a
little practice with subdraction of negative numbers”‘using the
‘- "additive" point of view. ®
To find (77) - 4, yod‘can think of the number which added to
il .gives (77). Since 4 + ("11) = 77, you know that (77) - 4
.= "11. Let us consider some other examples.

' The afrows above the

3 + 2= - ané 'l -3 = “2 and 1 - (-2)-= 3
4+ 5= "9 and "9 -("4) =75 and T9.- (‘5) = "4, '

Again, to find ¢715) - 8, ,think of the number which added .
22 > - - -
. _.to. 8 gives 15, The sum of 8 and "23 4s "15. Thus

P R - ‘
RRRI ST R S -

d - (715) - 8 -

PG R - - ’
;

R .
" — et STTEIE T Sk e Y ow ) . ' R ot

—~— e et - - . O

212,

4
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g

Suppese two boys had been playing.a
scores were: .

Henry

Then they recalled that they had agreed to stop playing at 9
otclock. In order to. keep this agreement the boys decided not to
count the 3cores on the ;ast round., Thus, . '

- Henry's sgore would be 5- 2=23, and
.Jack's score would be .71 - "2 = 1M .

-~

Id L] “ » . . s
In order to subtract (72). from Jack!'s score the boys thought of

the number which added to ~2 is ~1. This rumber is 1.

[T2 4.1 = "1.] You can check this result by noticing that the Sum

of all of Jack'é'scores, except tq% last"is 1.

v, N
R

D Exercises 5-50

AR 3

1. Add the numbers in each set. .
(a) "2, 5 (@) Tw, s (g) - 78, T13, "2h -
7, T (e) 72 ‘.3, 15 (n) 77, 50, 10

() 75, "2 (f) 21, 76, 77 (1) T23, T19; 14

[

Find the sum of "(%) and (%) and write two equations
i iﬁvolving subtraction which can be obtained from this sum.
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.3 . . ) 3 o i ) .
3. Find x_ 1in the fpllowlng: & % AR o
(a) (") + 2" = «x (e) -,(g) . -(%), k.
. : . , o oy W
- = N - - - 13 v Se
‘ f?) ("3) +.x = 8 ’ (£) £+ x = (2,
o c '8 + x - 3 ; 2y _ T L.
° (') ‘ ’ (&) 2) + x = %
{(a) x +(W=11 ., (n) 4 _‘5_ .= -(%) L .
- . ) i - , ‘ l 'an “.":
4, , Supply the.missing number in each case. : o “
: . ' ¢ " .
~ . ’ . .
() 845 +() =8 e T
4 . ‘ T ® b
~ ) ‘ i ' : g .
., De 6 +(B+( ) =6 . . ® -
. \ ‘. ° R LR
. -~ - A . . - 4‘ - 0‘ - <
(T e+ ()= ' Ao
. o , ¢ % »
(@) (C1n1) +(C6) +( ) ="11 . D
. - - of - ) ’ ;'
() (3 ( )+ (8) = (8 .. . ‘ 2t
G R o o S G . SR
C > . . e -
B, Suggest a way of subtracting ("8) from 3 making use of the -
number line,* = = .7 i ' R
6. What are tlae.'addktivﬁe. inverses of ' L
, . o . - . . " ./
R - 4 - - __9_ : * ’ -
(a) 10 (p) 7200 () “5 (4) 5 (&) "(z) (£) () . .
7. Explain wﬁ';{ subtracting 2 1is the same as add.ng the .additive
| inverse of 2, - ‘ .
. o 2 4 - ot
. e
s 2 - u’

>
'é\
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3. Perform the following subtractions. ) ;
(a) (%10) = (73) = . (h) 9~ (73) = ‘
() - % - 6 = (1) 7- (5 =
(c) 16 - 12 = (N 7- (Cs5)y = . |
(@ 8 -2 - W - 9 - ;
~ - . /— |
(e) +(78) - 2 = (1) 2- % 9)’,= |
(f) ("8) - (T2) = . . (m) - 10 = |
; (8) .(79) = 2 ,-, o (n) t3- M10) =
9. Complete the table foxl- y = 2x - 3. ‘ ‘ >
, i x |71 o |y | 2V} 3 | & ‘
- b - N “ P
. 1y ® ' ’ 53
©.1Q. Complete the table for “y,-= 2x - ("1). - .
X ‘ x |32 |71 o |1 2 3 i
’ N . -
s ! N - ' .
O .
' H |
s o
/ . »> ’
. )
) s e
( .




§ which are elements of the set, T. This is true since the y-

L4
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Graphs of other Relations

- "You now have had experience with the four operations on the .
positive, negative and zero rational numbers You have had an
introduction to sets of ordered pairs of rational pumbers and
graphs of a few simple conditions. Some other relatidns and their
graphs will now be investigated, . . -

’

Y \
p— a v
b +
EEEIEN.CEIEIEEN .
- L] |
i
. e T . ’
[ QU . 43— °
s
3
< o S

"y ’

The 5 points marked on the graph (a) at the left, above, have
as coordinates elements of the set:

-

4 T\’:.((o}o)’ (-1’72)}‘ (-2;-4)) (‘1)2)} (2)4)]

The condition, y =2 x, dEscribes the ordered pairs of numbers !

coordinate ¥s two tir:gJ the“x-coordinate in each bair.

. In Set U the N oordinate is also tWo time§\/the X~-coordinate
in each pair. - ,‘ . R

. U= ((73,76), (T0.5,71), (0.5, 1), (115,-3), (2.5, ).\




Without .marking in your book, locate these points on the grapﬂ (a)
\ - You will find that'these 5°'points also are on the™IIpe drawn in
the graph, The graph could be said to contain the union of the
get of points givengby th€ number paiss in sets T and U. Can you
say that a point will be on this line, if its coordin§tes satisfy
the condition, or relation LY = 2 X? ’ . ¥

In the shaded part of graph (b),above, are located-the points
for which the coordinates’ satisfy the condition Yy > 2 X. The
shaded'negion.is one of the half-planes determingd by the 1line
designated'by ¥y = 2 x. Let us select g point in this region, for
example, K. The, coordinates of K are (T2, 3) If you substitute
these numbers*in y > 2 X, you will have '

~

3> 2( 2)Jop T3> '4. e ok - "‘

_This is a true Statement and thus the point ﬂ'2,°3) satigfies
the condition y > 2 x. Try other points in the half plane above
the graph of y = =2 x ,and see 1if the coordinates of these points
satisfy the condition, Yy > 2 x, ’

Graph (c) above is the graph of the other half plane dgter-
mined by y i~2 x. The cbordinates of points in the half ‘plane
satisfy the condition y < 2 x. Check a few of these points to
see 1f the econdition is satisfied.

\§§’,4~22n81der the following condition: ' -

-

M

y=3x+2% ", -
If x= 0, theny = (3)(0) +2 or y= 2
/// If x= 1, theny = (3)(). +2 or y= 5 )
] ,If x="1, theny = (3)(71) + 2 or y = "1 ° (Check this)
If x= 2, then y = (3)(2) .+.2 or y= 8 ’
: If x= "2, theny = (3)(72) + 2 or y = "4 (Check this)

Set T below contains some of the ordered pairs of rational
numbers described by y = 3 x + 2, T

T = {(0,2), (1,5), ("1,M), (2,8), (2573,
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The ordered pairs in T are plotted %n graph (a),. y = 2 x + 3,
below. Do these pRints all seem to’'lie on the,same line?

-
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The graphs, (b) j >3x + 2 and {c) V<3 x4 2, ° are graphs of
" the two half planes determined by the line glven by y = 3 x + 2.
In Problems 6 and T you wikl be’ asked questions about these graphs,

°
-
' I3

’




Consider the following condition:

yo= T2.x 4 (;3)'

. &> '
"Z\ If x = 72, ';hen~ = (l?)k"?) +(73) =14+ (73) or y=1
1f x = "1, then y = (72)("1) + (73) =2+ (7). or_y =11
. If x= 0, then y=("2) (0)+ (73)=0 + (73) or y="3
If x = 1, then y-=(72) (1) + (73) ="2+ (3) or y="5
It 3= 2, then y=(72) (2) +(73) =¥+ (Y or y=T

Set P below contains some of the ordered pairs of rational
numbers described by y = 2 x4+ (~ 3) o

= ("2, 1); (1, l), (0 3), (1, 5); (2,77))

The number, pairs.in P are plotted on the graph (a) y® "2 x +(73)
below.
Sometimes coordinates of points, which satisfy a relation, as

a table are displayed In this example the table would be [ °

: « h S
;o

y= 2x+ 3 R T It Il - T

4 ‘As with the oéher examples in this sectipn, the graph of the'
condition 'y = 2 x + ~3 1is displayed with the graphs of the half
planes determined by the line associated with y = f2 X +,‘3. o

v
~ N\ . A
a N
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21 oL LU ,

P




S 213 -
- ‘ v . *. R
- - ~ \~ - . - -
(a) y="2x+("3) (p) ¥>02x4 (73)1 (e) y<[™2x+("3)]
Y ' oy
3 = N 3 & '
N 2 : '
PR _Jop b X b X
—‘ °
@ ’ Ve . .
.@‘ N [y
‘ -
Exercises §-§d
l, Given the relation, y =3 x,} find five ordered pairs of
numbers which satisfy this conditi‘on. N
2. Plot the ordered number pairs found 1n Problem 1 and _draw a
- straight line through the points, <
3. Draw the graph of the relation y > 3 x, ‘

*
)




' Sketch the graph of y ¢ 3 x. ' LoD v

‘Do the gfaphs of’ y=3x, y>3x, and-y <3 x seemto
include all the points in the coordinate plane? Why?

Give the coordinates-of 5lpoints-in the graph of the condition
¥ >3 x+ 2, (See this ghaph in this section.)

'On which of the two'grap ’ 'y >3 x+2 or y<3 X + 2,

are the following points?
o .

e (1L10) () (56 (o) (2,0) (a) (0,0) (&) 69)

9.

»

Draw careful graphs of the following conditions:

(&) x=T5 (@ v @ x
(b)) y=2x-1 . (e y>x -2
Plot the following set of ordered pairs
= {(0,0), (1,1), (M1 1), (2,4), (72,4), (3, 9), ( 3,9)}
(*y, 16),(416)
(a) Do they all seem to 1ie on a straight line?

(p) Lightly sketch a curve containing the points plotted

. (e) 1Is’'it true that the y-coordinate of each point.is the ~

- square of the x-coordinate of the corresponding point?

(d) Does the ¢ondition ¥ = x2  describe the potnts named by
" Set S? ' ’ Co-

(e) Construct;a set T containiﬁg ordered pairs described.by‘
' Y= x2 which are not contained in set S,

" -~

(£y Does the curve sketched in answer to (p) contain the '

+ graph of y = x°2 ﬂw s

Study carefully the diagrams below. They contain the graphs -

of (a) y=x2 (b)) y>x2. (o) y<x .

. -~
-
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‘., 5-6 Finding the Unknown

Suppose you are trying to find .a certain'number. Let us J
call the number Xx. Mathematiclans often use letters like l
|

"," "y," "v," and so on to represent unknown numbers. You are’
given the following clue: ‘ '
‘ ' X+5="T. o vl
. In words you may.say'that‘ 7 1is 5 more than the unknown number, *

In this example can you find the unknown number? l
Sometimes the unknown number is not so easy to find. For
example suppose you were given thls problem: -
. Jom bought a ticket for a football game. Altoge?hen‘he ‘
paid $1.10 (or 110 cents ), including the tax. If the cost
of the ticket is $1.00 more than the amount of the tax,
what 1s the amount of tax on the ticket? _
Again, you are given certain clues. You must use the clues‘
‘carefully if you are to find the correct answers. To help you
f%gd the amount of thq\tax you may use the clues to wfife a
number séntence. If x| represents the amount of the tax a
} correct number sentence\is,
" x +'(x +100) = 110.”
In words the number sentence states that the amount of the tax,
x (in cents), added to the number of cents in the cost of the

ticket) X + 110, is agual to the total charge in cents for the

?

, ticket, 110. The,correct aﬁswep is 5 cents, or x = 5.

The correct pribé of the ticket is $1.05. The amount of the
“tax 1§’$.05, and $1.05 - $.905 = $1.00.

“In.both of the‘problems above the clues were used to wite
number sentendes. Kach clue was a statement about numbers. Some
of these numbers were known aﬂd some unknown. Since the verb’in
each qf these sentences was the "equals" sign, such number sen-
tences are called equations. When you are finding what number x
represents, 1t 1s said that you are solving an equation for the

unknown x (or whatevér letter you are using to represent the
unknown). ¢ ’ " [
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Equations are used in many ways in many different fields. You
can solve equations to find the currents in an electrical network
when you know the voltages and the resistances. You can solve
equations in’ order to design airplanes or space ships. You can solve '

. equations 1n order to find out what is happening in a cancer cell.
You cpn also, use equations to predict the weather., Now
methods for predicting the weather very accurately are known, The
only trouble is that these methods require the solution of about

a thousand equations with the same number of unknowns. Even.
with the best of the modern high speed computers, it would take
two weeks to compute the prediction of tomorrowt!s weather,
Thereforg the meterologists make many approximations. They

4 ‘.simplify the equations in such a way that they can compute the

- prediction in a short enough time. They will be a zgijo make

-~ better predictions when there are more efficient Wa to solve
— —many equations with many unknowns.
. Our progress in many fields of knowledge depends on finding
better methods for 'solving equations. Many 1eading mathematicians
« are working op such problems. Whentyou finish this chapter you
should see that equation - solving 1s not a lucky hit-or-miss
activity which depends on trial and error, ° )

P - - - RO +

Exercises 5-6 R
In Problems 1-U4 below, use your knowledge of arithmetic to find
the valuée of the ynknowvn in each of the equations so that the

equations will be true statements. . .
1, Find the value”of the unknown in each of the following
) equations: '
(2a) x+3=5" 3 (d) m + 25 = 31
(b) y+5=12 (e) 8+ 17 = 42 ’
¢) k+13=15 (f) t+10=5 >
- A




Find the value of the unknown in each of the following
equations.

-

(a) x~-7=2 (4) x-3=6
() y-5=5 (e) p-15="
(¢) n-9=2 (f) .X - 5 =3

Find the value of the unknown in each of the following
equations.

(a) ¥ =12 -, (d) 9m = 72
R } ! - - iy
(b) 3a=9 (e) 13x =13
(e) sw=35 - (£) 7y = 756
Find the value of the unknown in each of the following
_equations. , ”
(a) n=2 (d)‘d=2°/
3T v )
(g a ; ¥ o . e h _ 5 '
) 2 (e) 2 ,
“(e) k= "2 L o(f) "2 =77
" 8 ' @ "3

P

‘A formula for find;ng the perimeter of a fecﬁangle is
p = 2«? + 237, Find the perimeter of a rectangle whose

length is 7' feet and whose width is 4 geet. '

Use the formula A =-5 bh to find the
number of square units of area in the |

‘triangle Shown at the right. . , th=7
‘ b
| -y b=14"
o 225
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Te wri_a.t:" 157the area of a square whose length is 15 inches? -

- Use A = 32 as the formula for the area.

P -

8. A formuld used in fin,ding simple interest is written
i = prt, where ‘ .
. ; . 1 1s the ihterest in dollars, ’
i p 1s ‘the principal (or amount borrowed) ,
r 1is the rate (or per cent) ,of interest per year, .
t 1s the time in years. ”
Find the simple interest for a bank loan of $750 for 3 years
at 6% interest, - L
9. To find the circumference of a circle, the i‘onmila ’ v
c =2T7r may be used, Find the circumference of a
circle whose radius is 10 inches. tuse -%;» or 3.14

for® ). . )
=
10. Find the area of the floor of a circular room whose radius -
is 13 feet. The formula is A = M2, (Use %?7 or N

3.14 for ). \ )

£-7 Number Phriases and Number Sentences é )
In tTking to people oﬁhen writing, you use sentences.
- In matheplatics sentences are written about numbers. A sentence
about rlumbers is often written in the form of an equat?.on,
such as, = ‘ - _
" x+7=9.
This sentence :ahout numbers says,
"If seven is added to a certain number x the result

>

is nine." = : N . .
You are familiar ‘with numbers, such as 9. The number 9 Nis
a part of the number sentence above. Another part of the
sentence 18 Xx +. 7. These expressions, x + 7 and ¢, are
not sentences. They are parts of Sentences. Such expressions
are calléd phrases. !

A
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Phrases are not sentences., A phrase does not make a,
statement. In a sentence about numbers a phrase represents
a number. A phrase that describes or represents a number
is called a number phrase. /
L A numberbphrase may represent one specific number. fFor \
example, the number phrases .o
345 9, 32, IIT +vV, and’ 10 '
represent specific numbers. In each of these examples, the v
* value of the number phrase is known, or it can be determiﬁfd
What number is represented by x - 42 you cannot determine
the number represented by x - 4 unless you know the valué‘of’ X.
Thus x - 4 may have many different-values. Number phrgses which
do not represent a specific number are called open phrases. You
may think of an open phrase as one whose value is "open" to many }
’ possibilities. Examples of open phrases are,~ ////
x - Y, Ty,” 2 + z, % . .
To solve problems by using equations you must be able
to translate t Iues given in the problem into an equation.
To do 'this youh;;§\ express the numbers in the problems as
number phrases. In%he previous section, you used the number
fsentence& ) .

. e ‘
Is the value of' % known? What about x + 59 Ts 7 an-open
phrase What about x + 57. \

.To work with numbeg phrases you must also be able to~
'translate the phrase into words. The phrase x + 5~ may be
translated as "the number X increased by five." Can 7x

" be translated as "seven times the number x?".
Sometimes pupils are confused because an open phrase

such as X + 7 may have many different translations._ For

7

’ example, other translations ‘are: ) » )
"The number X added to seven,"
© ¢ ° 2
or "the number X increased by seven,™ v
. or "the sum of X and seven," g ‘
. 9 . d
or ‘“seven more than the number xM ‘
\ L4 !
- L4 b
-
- AP .
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However, all of the translations have the same mathematical
meaning

Furthermore, all of the English translations mean .

the same as -

x+7ﬂ

‘With practice you will learn to under-

stand the different ways of exp¥essing a numbea phrase,

.
)

+

’

N

’
.

1

Exercises 5-7a'

1.

Translate each®of the following number pnrgses s

into symbols.

(a) The
The
The
One
The
The
The

(b
(o]

)
)
d)
).
£)

@AAA/\

——~

o

The

sum of x and_ 5. . :
number x decreased by 3.
product of 8 and x.

fourth
number
number
number

nugber

of the number 7x, o
x increaaeﬁ/éy 10. .
7 multiplied by x. )
which is 11 subtracted from'x. .

For each .

x divided by 2. o

.

hrases in Problem 1, -
the phrase 1if /
¢

one of the.number
find the number represented|b

= 12 1in each part.

franslate each of the following number phrases into
- words: N »

(a) x+1
‘@) x -3

(e¢) 2x

N 4

Find the nu#ﬁ'er represented by each of !he number ixd
phrases in Problem 3 if x = 6. :

Find the number reppesénted by each of the number ’
phrases in Problem 3 if x'= 2.

2
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" The unknown number 1s not always represented as x.
Translabe each of the following number phrases into
symbols using the letter of each part as the unknown

- number., For example, in Part(a) use "a" as the

"unknown number. , ) o’
(a) “The Bum.of six and a number,

_(b), Eight times a number. T
Eight times a number and that amount ihcreased
by<1l. :

Three subtracted from eight times 'a number.
The amount represented by eight times a number
divided by 4, Cot
Two times a' number; then increase that amount
by 3. : ' . N
Five multiplied by the sunlof a number and 2
Ten less than seven times a number.
‘Find the number represented by each of- the number
phrases in problem 6 if the unknown number is 3.

Translate each of the following number phrases

intg words. Write the word "number" to represent

the unknown numbér in each phrase. . ,
Example: y + 3 . A number increased. by three.

( 2n +'5 e

( 6 - 3q

(e) (b-1) 7

(0 252

(e) 15 + 2w

Find the number represented by 2n.+ 5 for each of

the following values: . )

(a) n=5 . (¢) n

(b) n=75" . (d) n

Find the number ' represented by

the following.values:

(a) a=o0 - (e) a-

(p) a="1 ' (d) q

229
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Number Sentences“

‘Consider the following sentences:

-

@

L " +3 = 8," .
\ nu+5=33.h t
. . . “3 < 2 + 4 n )
"22 > 2 n N

Do you agree that these are all sentences°
of number sentences.
phraseés connected Ry a verb.

sentences?

\/:Ze sum of 8 and 7 is 15."
e number twelve has six factors.

The first two are easy to find.

-

N

They’are examples

Each of them consists of two numbér
What are the verbs in these
| The word "is" ..

!

13 the verb in the first sentence, and the word "has" is the
verb in the second. ' What is the verb in the\sentehce

"X+ 3=8" Perhaps you have never thought of "=" as a
verb in & sentence.’ What are the verbs in the rehaining.

: sentences‘7 .

Y

»
- 3

&

= The three most common verbs in number sentences are "=",

i"?'< , and ">", but there are others.  "Six is a factor of -
_twelve" is a number sentence, and 1t 1s sometimes written ‘
"6 [ 12." The'symbol " |" 1is another "number verb" meaning

"is a factor of". .

one word of cafition:

You would’not use the name."number
sentence" o

for such vague statements as,

v
e T

"100,000,000 is g‘very large number,"
) . or '
"123,456 x 654,321 is hard to fiA@ n
These sentences invdlve more than statements about numhers,
They involve our reactions to numbers. You will be interested

only in sentences which are purely about numbers and their relation-
ship with other gpumbers,

I3
— .
. P
1 -
. g- B *
’ - .
. I -

-
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' Some sentences are true sentences. FoY example, '
"L’» + 5 - 3 . 3, ] a.rld

- "The sun sets in the west," ) .
are true. A sentence need not be true, however. The sentences
. "3 >2'+ k" and .
"Abraham Lincoln was the first president of
the United States "
are. not true sentences. Consider the sentences,

\ ) "Jimmy was at Camp Holly all day yesterday, and
. "X +3=8" )
Are’ they true? Are they false?, You may answer, "I don't know.
Which Jimmy do you mean? To what number does "x" refer? TheSe :

sentehces are neither true nor falsé, because they contain words
or symbols which do not refer to only one thiné.' mJimmy can
mean any boy with that name, and "x" can stand for any number.
You might look at the camp records and say that if "Jimmy" means
Jimmy Mills of Denver, the first sentence is true, but if 1t
mean§ Jimmy Shultz of Cincinnati, then it is false. . The second
sentence 1is true if x = 5, but.it is false if x = 6 or if x is
any numbér other than 5. ’
“What can you say about the truth of the following sentences°
. ll13 - X 7 1 . {
"Georgé was the first president of the United States.
34X = x4 3.M- )
. "If Jimmy. was at Camp Holly all day yesterday, then he
was not at home at that time."
These sentences are similar in that each contains a word or symbol
which can refer to any one of many objects. - Do.you see any
difference between the first two senterices and th2 second two?
'Qan the first two sentences be tr'ue‘7 Can the'first two sentences
be false? Can either of the last two sentences ever be falsem
Suppose a .number sentence involves a symbol like et op
"y." If the symbol can refer to anyone of many ,nunfoers the
sentence 1s catled an open sentence. It is ndt necessarily a
true sentence. It is not necessarily a/false sentence., It

P

. . « N
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}eaves the matter open for further consideration. 'Logk at this
open sentence:

X+ 7= 30 .
. m M S

[
, and two open phrases,

It is composed of thréé parts: a verb,
"x +/7" and %9—7?—' The open sentence states that fon a
certain number X these fwo open phrases represent the same *
number. Can you discover such a number x ? Can you find
more than one? Try some humbers. After wc}king for a while
- "you might say, "The sefitence is true if x =3 or x = 8,
. but 1t is false if x 18 any other number.} The numbers 3
and ° "8 are called solutions of the open sentence.’ The set )
{3,278) 1s called the set of solutions (or solution set) -of the
open sentence; . . S .

When you find the entire set of solutions of an open

«

sentence, you can say that you have solved the sentence, An eguation.
is a particular -kind of number’ sentence., It is a numher sentence

which involves’ the- verb "=". Hence to solve an équation means

to find 1ts entire set of solutions. The set of solutions of an
equation may contain one member Or. it may contain several members.
It might even be the empty set.

Is this sentence an equation? . '
Ny _ 4 5 T Tw

What.is the verb in the sentence above? Is it "="? Since the’
verb is not "=", the sentence is not an equation. You might
say_ ‘that the sentence 1ndicates that the two phrases, x-h and
7 are not equal Such a sentence 1s ca11ed fneggalitx

Can you.determine thé set of’ solutions for the inequality-
‘x = 4 > 7?7 How lafge must the number x . be ) prder for the
inequallty to be true? Is 5-4 > 7?2 Is 7 -4 377 Is, 12 877
Do you see that "x-4 > 7" 1is true if x 'is any number greater
than 11? Also, x4 ST" 1s false for any.other yalue of x.
Thus the- set of solutions of the 1nequa11ty is the set of all
numbers which are greater than 11.
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s into symbols.

226 ¢
’// - Exercises 5-7Tb } ~
1. Translate each one or the following number sentences v .

(a) .The nuffber x increasedjby 5 1s equal to 13,

(b) The number, 3 subtraatéﬁ‘%rom x is equal to 7.
.+ () The product of 8 and x 1is equal tb 24,

(d) When x is divided by 4 the quotient 15 9, -

(e)’ Ten more-than the number x 1is 21.

(f) The number 7 multiplied dbykx is equal to ~35.

(g) The number 11 subtracted frém “x 1is 5.

(h) The number. 6 less than x is 15,

2. For each one of the-equations you wrote in Problem 1,
find the set of solutions - by using youp knowlegge ‘of
arithmetic . A . i R

»
-

3. Translate each,one of- the following number sentences
‘into symbols. Yo e R .
(a) The number x increased by '2 is greater than U,
{b) The number 5. iultiplied by x 1s*less than  10.
Lc) The result of dividing x by 7 1is greater
) than 2. ’ . :
(a) Three less than the number x is greaQer than 6.

'e) The number X decreased by 5 1is less than 13.

(tY The product of 3 and the number x 1is greater
than 79, : ’ -

4 9 1
v

! )
g, For each-one of the 1nequa11t1es you wrote in.Problem 2,
-use‘your knowledge of arithmetic L0 fipd the set of
‘solutions. T ;

o )
. " '
; ‘ *
E i .
Q ,
ERIC ; | t233 '
I Toxt Provid - 4
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5. Translate each one of the foll

owing number sentences

into word§ Use the term "a number" or " a certain
number" to represent the unknown number.

. @) y+2=5 - S(E) T -k =2 ‘
“b) z+ (3) =71 (8) d-3<1h
(¢) 2a ="T10 - ) x>9
@ h-5>9 .. 1) kc—7=
() 5m <15 (J.)-.33-6 N

.6, Using ' your knowledge of arithmetic, find the set -
of- solutions for each of the number sentences in ) .
Problem 5. ‘

~

A picture of a solution set using,the number line can be
drawn. Consider the following example for the open Sentence,
h N 79';'3=8~, .
" This open sentence has only 6ne solution, 5. The set of
>solution is {5} On .the number line this set oﬁgsolutions
canh be représented as shown below:

4
+ +5 4
<y e +2€ +? 4; —— =

Since the only solution for this equation 1s 5, a solid\"dot,"
or circle, 1is marked nn the number line to correspond with the
. point for 5. No other mark is put on the drawing
o How can you draw a picture of the set of solutions for this
e "X+ 3 =3 +x2? ) >

-2 -1 0L

|
[
+

+
. O

sentence,

First, find the s4:'of solutions.: Try x = 6. Does 6 + 3 = 3 + 62
Try x =13, Does 13 +3 = 3 + 132 ' Try dny other number. What
property of additiop tells us that this sentence 1is true, ‘no

matter what number we use for x? The set of solutions for this
equation i/fthe set of all numbers This solution set is
represented on the number line by-drawing a heavy dark line

A > . o
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along the entire number line as shown below.

Earlier in this ‘chapter the inequality x - 4 > 7 wyas
discussed. The set of solutions for this 1nequa11ty is the set
of all numbefs which are greater than 11. This set of solutions
1sbrepresented on the number line as shown below:

T2 710ty ta *3 tg tg tg tg +g g +ig ¥ 4o +iz tig s

- I s
S Oe——

/T : . -~
The number "11" 1s not in the set.” This is Indicated by
an _open circle on the point corresponding to 11 on the number .
line. + The part of the number line to the right of the 11 18"
shaded showing that all points to the righf‘of 11 Are in the
set of soluxions

o Consider the equation "11 + x = 4. VWhat is the set of
solutions? Try somé numbers. Recall what you have learned
-about negative numbers. : What is 11 + ("72 Is (77) a solution?
-Can you find any otHer solutiofS? You .should not be able to do
SOu The,_set of solutions for this equation is ( 7}. This 1is
épresented on the number line as’ shown here: -

%
kA

~9 -8 7576 “5-4 -3 =2 -I. 0 +| +2
<ttt

~ e
>

Why is a "solid" cirele drawn at the point corresponding to
“79 Why 18 no other point indicated on the number line?

) For what numbers is the inequality wrltten below a true
sentence? ~ ’ g

. , x=-54<1 g

Try some numbers. Y¥Qu should find that the set of Solutions
is "the set of all numbers less than 5. On the number line
_this 1§ represented as an "open" circle at the point corre-
sponding to *5 and a heavy black line drawn along all
points of the number Iine which\1lig t6 the left of 15,

-

- 7
7

o

-
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Hete is the drawing:

«

-4 -3 -2 -1 0 * +2 +3 +4 +5 +6 +7 +8 , .

l )

.

The sets of solutions for different number sentences may be
different.l Some of the solution sets contéin onlywtne member. °*
Such sets may be represented by a single filled circle on a
drawing of the number line. The circle drawn at the point which
corresponds to the number in-the set of solutions. If the set
of solutions 1is. the set of:%ll“numbers, you may draw a heavy,
dark line aloné the entire number line. 1In this case, the
solution set 1s represented by the entire number iine. The sets
of solutions for inequalities are represented by a part of the
number line. The inequalities that were discussed were all
represented by half dines orr the number 1ine. An open, or empty,
circle was used to indicate a point not included in the set of

. solutions. *

! Exercises 5-T¢ =

1. Using your knowledge of arithmetic, find the set
of solutions for each’one” of the following numbe?r

sentences .. R

(a) x+2=6 (e) x'=4>1 -

(b) 4 +x=0 ~(£) %:’1 , .
© (e) 2x =6 N (g) 2x <10 -

(d) 3% <3 o (h) 4 -x>1

2. For each one of the number sentences in Problem h
represent the set of solutions on a number line. -

e enlelp

3, Using your knowledge of arithmetic, £ind-thé& set

P T R

of- solutions for each one of the following number

sentence. . TR o
(a) x+1=1+x (e) Bw="1 R
(b)y—1>o . (£) 1u+x = 13 - '
- (e).r1-1>0 (8) 13 - xemtdde .
(d), a+2=1%a (h) ==l
v -
& , ' -
\ 2536 4
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° 4, . For each one of the number sentences in Problem 3
. show the set of solutions on a number line. ’
5. Sometimes an equation or an inequality is only part of
a sentence. Just as yoﬁ’can build longer sentences out

of shorter ones by using such words as "and," "or,"
and "but,ﬁ you can join number senteﬁces together to
make longer ones. Such sentences are called compound
sentences . ‘ - )

»

- Consider the compound nuﬁber sentence
. "x - 4 <7 and x - L>0."
In order to be a solution of this sentence, a number
X mst be a solution of both the sentence " x - 4 ¢ 7"
‘and the sentence "x-1 > 0."

The elements of the solution set of the sentence are
the numbers which are in both the solution set of
x =4 < 7" .and ‘the solution set of "x -1 > 0."

The set of solutions of "x = 4 ¢ 7" 1s the set
of all numbers less than 11.

* The sef of solutions of."x =1 > 0" is the set of all
numbers greater than 1. ’

What is the set of solutions of the compound sentence?
Show ‘this sefhon a number line.

v

6. Is"’the set of sdlutions for the compound sentence in .
Problem 5 the intersectiqn of thé sets of, solutions
for the two inequalities or*‘is it the union of the
two sets of solutions?

7. ¥For each of the following compound sentences find

.the set of solutions, y

" (a) x-2<¢7 and x + 4 > 6 -
(b) x =3 = 6 and x-3 6 «\ ,
{¢) 2x>6 and F<3 ‘ ~

8.  For weach of the compound sentences in Problem 7 //}
" represent the set of solutions on the number line. .

-

3
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"9. (a) PFind the set of solutions for g
x° = 9. (There are two possi*ie
solutions). .

&
(b) Represent the. set of solutions for Part (a)
on the number line.

10. (a) Find the set of solutions for

X <9 B
4 (b) Represent the set of solutions for Part (a)
on the number line. ¢

11. (a) Find the set of solutions(for'the following
compound sentence: ™~
B X+7=6 or 2x-1.=5,

(Note: . in mathematics "or" means either the first -~
"oxthe second or - both the first and the
second).” _

(b) Represent the set of, solutions for Part (a), '

on the number line. )

12. (a) Find the set'of solutions for
Ux =1 =4 or x =1 > 4" ‘ \
(This compoﬁhd sentence 1s sometimes abreviated
"y - 1 > ) .
.(b) Show the set of solutions for Part (a) on
the number line.

AN

v

13, Find the set of solutions for o) i
L Yomx <10 _or x - -9 >o0." v

1

(I




In writing sentences in mathematical language.youfwill
be using letters to represent the unknown numbers. You should
first decide what the letter will represent Then you should
write your sentence. For example, write in symbols the
following sentence: “

Mary, who is 14 years old, 1s five years older than her

brother. A . , ’

Let "y"represent the number of years in Mary's brother's

. age. oo ‘ . ) o

Then, since Maryﬁis five years older, y + 5 1is Mary!s

age.

The sentence 'in symbols is, 14 =y + 5,

Remember, you should always explain what the letter representg
before you write your sentence in symbols. By solving the
equation for ¥, you can determine the brother!s age.

s

. Exercises 5 7d LK '
1. You are’to write each of the following sentences in

symbols., First describe what.humber the letter_
.represents. Then write the sentence. - :

John, who isjlo is fou&ears younger than
his sister who is Yy years old.

Steve bought m model plane kits coSting

25 cents each and paid 75 cents.

Sam's age seven years from now will be 20

since his age now is b.

The number of inches.in f° feet is T2.

The number of yards in f feet is 5.

Ann, who is n years old, was 3 years'old
‘ten years ago. R )

The number of cents in . d dollars is 450,

A baby sitter charges x cents per hour before
midnight and y cents per hour after mlidnight.
She earned 350 - cents while sitting from

8 p. M. — 2 A. M..

’

’ N r'd
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2. * Translate eachegf the following sentences into an ’ ' !
\ equation or inequality. /Firsté deseribe what number - | )
the letter represents. ) : ’
(a) If 3 dollars is added to twice the money \
Dick has, the result is less than 23.
(b) At a certain speed the plane will travel more )
than 500 miles in 2 hours.
(¢) If 1 1is-added to twice Susie!s age the )
result is 19, .
(d) Janet's father drove from Mill City to Dover,
a distance of 240 miles, at an average speed
T of 40 miles per hour. How long did it take
' for the drive? ( \
(e) If Sal%y earns 65 cents per hour for baby sitting,
how much.will she earn in 5 hours? -
3. In éach of the following: s -
. (1) -Describe the number represented by'the letter
o you select. ° ‘(:
v (II) Translate the problem into an equation. )
- (III) Solve the equation. : ’ )
(a) "In ten yeérs Mr. Smith will be forty years old.

How old 1s he now? ., s . . '
: (b) If I give yot $5.00, you will have #12.00. -How
much do you have now?

<

< ° (¢) Vera is two times as tall as her brother. She )
’ ' ,is 64 inches tall. How tall is )he? T
s (d) Paul was-1% years old in 1958.. In what year sy
K was he born? s . ’ .

(¢) The area of a certain triangle 1s '35 square
-inches. The length of the base is T, ;péhes.
What is the’'length of tq; altitude? . .

(f.) Twenty percent of a rlumber is* 10. What is
the number? ] ~
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’

(g) A store sells bicycles at a 20%' discount.
If a bicycle sells for $28,'yhat was the
¢ original price?. .
(n) After traveling 120 miles a driver still had
to gp %-6f his journey. How many miles were '
there -in his complete journey?

~

5-8. Finding Solution Sets

You have seen that often you wish%to find the solution set
of an equation or an lnequality. In most of the problems you

nave met, the set of solutions may be discovered by inspection

.or hy trial.

Perhaps a method can be found -which will make equations
easier to solve. An easy equation will be used to 111us£rate the
method, and then the method will be tried out on a harder one.

wa~did you solve the equation

X+3 =172
Perhaps you thought, "If I add "3 to x + 3,I get X, so I must
add - "3 to 7. If I do, I get 4, so x mustbeu" If you
thought that, you were already using this method apd you were
using 4 very importanﬁ property of "equals.,"

-

-

5 Suppose "a" and iyt represent the same nymber. For
instance, a might be 5 + 4 and b might be 3\+ 6 . What
can you ‘say about the numbers a + 5 and *b + 52 1d they
be different from each other, or must they be the same?

. "a" and "b" both represent 9 then a+ 5 and b + 5 nmust

both be 14;

. [y '
The general principle can be’expressed like this:

‘Addition Property: If you have two equal numbers and aqq):
third number to each of tbem,‘t e resulting numbers are equal.-

: ‘ ) . . : %

-~
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In symbols, if a, b, and c¢ are numbers, and a = b, then
a+c=D>b+c¢ and c+a==¢+ b,

Can you discover a subtraction property of "“eyuals"? -

p wa can you use the addition property to solve_ the equatiep
LT "X + 3 = 79

The golution would be easy to find if the

[y

"3" were not there.
If you use the addition property, adding the number "3, you
have: -~ \ “ T
. g »-?- ; ./ = o0 - 4
Ir X+ 3 = } -
, & + c b + ¢
then X53) 75 = T 3 g AN
By the asSociative property and the fact that 3 + 3 =0, - i
You can see that (x +3) + 3=x+(3+73) and x+ (3 + 73)
Therefore, - ) .
Lo iIf (x+3)+3=74+"3 —— .
then x = 7.+ 73, . .,
Since 7 + "3 = U, you see tﬁét o . &.
v o atog e o e
You have found, using the addition property, <£hat if . the: \ h ¢

equation x +3 = oo . ’

7 has a solution, then the sdlution mast

\ o

be« 4. you still do not-know that =i is splgtion%' Lét us see. , ,
. If = 4, ) . , g’eéfﬁé 0 ‘,(:’ ) ~;'v' . ‘:_.\-,_
then x + 3 =4 + 3, , She Ty . & e T .

so x+3=7." = S T

Thus 4 -is & solution. ,Sifce you saw first that qﬂﬁge ws
canndt be any other solution,, it follows that 4 1is the.only o . jé.
solution of the equation Iq other words, the eolution(be el i B fi
“is (¥}, ’ S ‘iﬁ

/

Notice that in the proc ss of solving the equation fbu Zur

‘done two things.
showing that there is only one possi

Ybu Irst proved a uniguenes statement,

J

Then you proved an existence stateme
is a solutioﬁ :

/

+

e number for a so%ution
’ showingtxhat this number

ks

)
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In a previous section you learned how to find 3 + (T4). 1t
is 1. Also, 3 -4 is "1, Thus, 3 +°("4) = 3 - 4, Perhaps
this is the way you find 3+ 4) 1n your head; by thinking of
"3 -« 4, Similarly 7 + (75) =2, and 7 -5 = so
A +(75)=7T-=-5. _ What is 73 + (J2)? What 1é “3-2? Do they
both-equal  5? What do you add-to 4 to obtain 4 - 22 You
' add_ 2. This is true for any number: To obtain a - b you may
add ""b to .a. . ‘
If a and b are numbers, then a - b = a + ("v).
Using this fact yo% can :solve the equation

-

. X - 3 -
by writing it as ’
x+ (73) = 8.

"Then you can apply the addition propert& as you haye in the

‘preceding examples. at number would you add fo ve this
last equation? Why? -

L
-

-

. ) . Exercises 5-8a .
1. (I) Use the addition property to find the only
’ poésibilities for solutions of the following

equations. (II) Thén show that the number is =
a solution. ) : ! ’

v > Example: x + (73) = 11 ‘ .
1) (x + ("3))+ 3 =11 + 3 by the addition
N property, adding 3.
(x+ (73 + 3))= 14 by the associative
. pfopepty of addition.
, ‘x =‘1! ‘g"lnce -3+3=O.
II) If x =1% then x + ('3)4: %+ (:3) = 11, so
. 1% 1is a solution. e L.
(a) x+5=6 (g) "2="4+x ;
(b) x+6-—\=5 - (h) X+ 3?5:510
(C) X"+ -7=,7 (i) y<-§=g
d) x-7="7= (3),u+14=2
(e) t+6="13 (k) %=1 +x

(£) ¥=s+73 (1) x (g = ()
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2., Apply the addition property to bhese'eqyations, adding
- - . . .
the indicated, number, and-write the resulting equation.

Example; 3 + b4 = 5 (ada 74)
" (3x + by + 74 = 6 + 74 by the adéétion
- - property.
3 + (4 + 74) =1 P ¢ by the associgtive
: property.

The resulting equation is: 3x = 1.

-

( (
- (
(¢) 5x + 2= "2 , (ada "2)
( : (
() 2u+1=1 (

3. (a) %nat number do you add (using the addition .
" property) to solve x + 3 = 22 .
(b) What humber do you add (usisg the addition

property) to solve x +(77) =
(¢) what 1is the relation between 3 and "3 )
e relative to addition? T
(a) what is the relation between 7 and 7
' !gelative to addition? ' > .
4. .Solve the following equations. (Remember that
"solving an equation" includes showing that any
possible sélution You find is a salution.)
") x + 3
) x+ 76 = % oo
€) x-3=8 -

(Pirst add “x)

»
S
Nt R
+
D -3~

1
y?xu

-
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You are now ready to' try some harder ‘equations, How would ‘5
you solve the equation

2x +1 =112

q

Let us not try too much at a tiﬁe! Before you ask i
what £” is, first ask an easier question: What is 2x?
You answered this question in <Problem 2 of the last set
of exercises. The addition propérty tells us that
A 7i\ if 2x +1 =11 ‘
then 2x

11 + "1, by the addstion
property adding 1,

or 2x = 10,
Now that yodfpave found - 2x, y%u can try solving the new
equation for x. This is a new kind of equation which you can

. solve using another important property of "equals." . v

:multiply them by a third nmumber not O, the results are equéi. If

\

-

-

.+, Suppose “Ta"‘ and "b"  represent the: same number again,
but suppose .you multiply a and b by 5 instead of adding
5. Could 5a and 5b be twp different numbers if a .and
b are the same? ff

°
.
. 4

Multiplication Pfoperﬁyg If you have two equal numbers and

a, *b, and ¢ are numbers and a = b, then
’ ac = b¢ and ca’'= cb.

Can you discover a division property of "eqdéls"’
‘Be careful! Remember that you cggnot aivide by zero, 'T

If you apply the multiplication property to the equation

2x = 10,

what number do you ﬁéﬁt ;S'use as a'multiplier? th\wish to
"e{iminate" the 2. so s the reciprocal of . 2, would be a
good choiqe. ~Using the multiplication property with E' as a .
mul tiplier, you will have:

v

9




4

Applying the a8sociative property of,multiplioation, you have

» 3

z(ax) ( *2)x &1 ° x=X. You all know that ~% + 10 = 5,

SG’ X = 5. . N

You have found that if 2x + 1 = 11 has @ solution, then -

1t must be 5 (a uniqueness statement). vou still have) to show
that 5 is a solution (an existence statement). ;//

If. x =5
then 2x = 2°'5. =
and 2x*+ 1 =10 + 1
N or 2x + 1 11,
Thus 5 is a solution. ’
*® You have used two properties, the addition property to
-find 2x and the multiplication property to find x., This
process will make it possible to solve without difficult? even

the hardest of the equations which were examined at the. beginning
of this section.-

v

S : .

"Class Exercises 5-8 ‘

Indicate which property, the addition or the 1tipli-

cation, is used in solving the following equatiéns, -~
(£) 14 -x=0

py
=1.12’ . (8) =17

(h) 18 +.y = 8.6
(L) w+6=5+3
(3) 19=6-y

Y
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What property is used, and how is it used, to get ~the
the_second eguation from the first? | . )
Exa.mple' (1) 2x+ =7 -
: . (2) 2x =3 ; addition_ﬁroperty,
o~ adding . o
(a) (1) 2(y+¥). =8 (d4) (1) %x=1o‘
B A N S T ‘
(b) (1) 1.6 = 4y ) ,
(2) ot =y (e) (1) (o.3m) - 7.2=5
(e) (1) ;1+5 e - (2) (3m)-172=250
: . (£) (1) sx-2=3x+58
(2) 2x=-2=6
L "
Use the properties as indicated on the folloying
. equations.. .
Example:. 3y = 2 = 7 Addition property with ( 2).
Answer: (3y -2)+2=7T+ 2 ‘
L 3y +( T2+ 2) =
By =
() 7=3x+1 . Addition property with (71).
~(b) 6 = 3w Multiplication property with
. | -
(q) -g- -1.7="1.3 Multiplication property with
' (2). i ' e
() b=7g Multiplication property with
, (18). < .
- fe) 0.14 + x.=5.28 Addition property:gith (70.1k).
(£) 5% -7 Addition proper":‘cmjr' 1th
- S G
i
L] l‘
. K ,

7

N ?}4




v Exercises 5-8b

+

-

Solve the following equations by using the propertiesf“
of "equals." Give yoyr reasoa for each step. L

{a)
(b)

2 1l = =
X + % 7 (¢) g‘ 3 4
y - 2 = 6 - (d) 3x - 5 =

Solve the following equations.

(a)
(v)
(c)
(a)

(a)
(b)
(e)

‘o)

X+3=5 c(e) y-3=5

334 =75 ). - (f) 2w -~ 5£; 5
2v + 3= 5 Q (g) 2t -11.=5t 41
3+2m="5 {n) 15 -5w = 2w + 1

In solving the equation 9x = 27 what number would
yQu use as a multipliet? hd .
In solving the equation £x = U what numbeﬁ would-
you use as & multiplier”' - i

In solving the equation Bx = % what riumber would
you use as a mw.x.'Ltiplier"7
What is the relation between r9 and 'g, relativg

to multiplication°} - - y <

»A«

What is the relation betwee z and %-,p@lativel< '
to multiplication?, ' '

-

Which of the two properties‘éﬁﬁltiplichtion and N
‘addition) of "=" are also true of "¢ 2"
Replace "=" with "¢ " in each property.and tell
whether it 1% still true or not. If it is not *
true, give examples with numbers 1n whichcgt

" 18 false. )
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In solving an equatidn such as  3x + 1 = 9,you hav ~ .
lear;}jed to use the addition property first (to .f, nd@%

. and the multiplication property second (té find ¥%).

Sometimes you will find 1t best to reverse the order

in which you use thes® properties. Solve the : .
following equations by using the.multiplication

propert'y first. '

(a) #(x+1)=12" ()" 0.6(x - 0.3) = 0.2

(b) 7(x-2) =13 OF Zz’f_if 7 \
(c),_x_;__9__r=5 *%'4x+1 ’ .
. f) gz =3. :

—
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Chapter 6
REAL NUMBERS *
6-1 Review of Rational Numbers .

In your study of mathematics you have used several number
systems, Probably the first of these was the system of counting
numbers, You learned that this number system has various
properties, Other number systems have some of these properties;
some of these properties are not found in any number syatems
other than the system. of couniting numbers., Let us recall a few-
familiar properties. Each tounting number has an immediate p
successor, the next larger counting number, The sucessor of,
the counting fiumber n is .n ¢ ll With .one exception, each
counting number n has an immediate predece§§or, the next
smaller counting number n - 1, What is the one exception here?
The system of counting numbers has a smallest ‘element (what, is =
it?) but no largest element The. system of counting numbers ~
is' closed under the operations of addition and multiplicatién,

) but not under the operations of subtraction and division. :
. In an earlier chapter you studied the system of integera
which contains the set of counting numbers (now called positive

» integers) For each positive integer a, there is an ppposite
number a; The opposites of positive integeps are called
negative“integers. If a 1is a’ counting number, then a + "a = O s
‘The systems of integers 18 closed under the operations of
addition, multiplication, and subtraction, but not under divisiogn,

[ I [
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The set of integers is contained in another set of numpers
which is called the set of rational numbers. As you know, the
set of integers,is adequate for many purposes, such as reporting
the population of a country, the number of dollars you have (or
owe), the numbér of vertices in a triangle, and so on. The iO
integers alone are not suitable for, many purposes, particularly
for the process of measurement. - If only the integers could be
used for measuring, names for subdivisions of. units would have to
be invented. This is done to some extent; instead of saying 53

gfeet, 5 ,feet U4 inches is sometimes said. But a difﬁeregt
. name for a subdivision of an inch is not used. 1Instead, TE ¢
inches, or 7 25 inches is written using ‘rational numbers which
are not integers. If only the integers could be used, you could
" never speak of 32 quarts, or 2.3 miles, or 0.0001 inch.

Recall that a rational number may be named by the fraction -
symbol "IW s where P and q are integers, and q #0 .

Just as there is a negative integer which corresponds to eech
positive integer (or counting number), there is a negative rational

) number which corresponds to each positive rational number. -

You already may have observed the familiar ﬁropertiee for . ..
ratiohal numbers, which may heosumma;iied as follows: K

C;osurei* I{ a and -b are rational numbérs, then a+bh,
a-*b. (more commonly writteh ab), and a -Db are\rational
.numbers; 5 ¥s '@ rational numberjif b # O,

Cqmmutativity: If a and b are rational numbers, then
a+b=b+a‘,and a+b=b.a (ab=0ba) .

Aésociativit&’?’lf” P ‘~-and ¢ are rational numbewrs, -
then a # (b +¢c) = (a + b)- + ¢ ” and a(bc) = (ab)e .

..

Identities: There is a rational ndhber zero such that if

:: a 18 a rational number, then a + 0 =a . . ‘
There 1is 2 rational number 1 such that a . 1 = .
L v Distributivity. Ir a ,, , and, ¢ are rational numberé,
then a(b +c) = ab + ac| . . - ;




How ¢an you tell whether two fractions bébresent th

L . 245 - . ] .
‘Additive inverses: If a 1s a rational number, then there is
a number <("a) such that a + ("a) = O. )
Multiplicative inverses: If a 1is a rational number gnd
a # D, then there is a number b such that ab = 1. .
Order: If a and b are different rational numbers, then
either a > b, or a< b,

¥

. L) ' o A ]
Exercise 6-1 . ‘

.Is there a smallést n;;gtive integer? A largest one?

If n vrepresents a negative integer, what represents the
next larger one? the next smaller one?

Is the set of negative integers closed under the ppératioﬁ

e
of . ~ . : .- .
(a) addition? ‘ fe) multiplication? ~
*
(b) subtraction? (d) division?

What is the multiplicative inverse of ”'(%) ? ’

What is another name for "multiplicative inverse"? {&
e:san}e 'ﬁ : :r-'J’
rational ﬁumber? . '

N -
.

What .are thrge'other'names for the rational number ° % ?

Look at edch statement below and tell which-of the’ properties o T
1isted for rational numbers -it illustrates. '

(a) f(%) + % = %5; and %? is a rational number, T
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(8) T+ G+ -+ L

.9. 'Express each of the following in the form % or "(g), where

p and q are counting numbers. o

-

(a) 173 (4) ~0.35
" (022 : (e) 10
_ R | e A ‘
() "4 +x ‘ (f) 17.03
10. What is the additive inverse of each of the following?
(a) "28 B o) ey
N O N - (@) T3

11. Compiéte the statement, "The simplest name for a rational-
numbeﬁB‘&itten in the form % is the one in which a and
b have no’ common factor except ",

F

12. The only rg%ional number that does not have a reciprocal 1is the
number g when p 1is. ' . b
’ ¢ C !
13. Arrange the following rational numbers in order: List the - /

 smallest one first. b . AP

|
. 4 ! 2 -y -2 ‘
? C ey 7 %} 0.4, 16° 5’ b, (‘3‘): 0 Y.
. ‘_t;’ !
#14. Find the .average of the two rational numbers ~8' and. +4{

’ 15, Is 4t alhays;possible to‘ffﬁd the averaée}pf two integers and
have the average be an integer? Explain. ' -

-

’




>

—

6-2 Density of Rational Numbers .
On€ of the observations you h;ve made about the integers is
that every integer is preceded by a.particular integer, and 1is
’ followed by a papticular integer. The integer which precedes
"8 1s 79, and.the integer Which follows 1005 1s 1006. 1In
other words, if n  1is an integer, then its predecessor is (n - 1),

and 1ts successor is (n + 1). fThere are no integers between
(n-1) and n or between n and (n + 1).

N °

- »
. 7

<

This means that on the number line there are wide gaps between
‘e Points wnich correspond to the integers. There are many points
between the points corresponding to n and (n + 1), |

1 '.l 1 1 1 1 1 l
< -3 -2 -1 0 I .2, 3 4 >

3

Figure 6-1 L Co '
New consider all the rational numbers, and the points on the
number 4ine which correspond to them. Such points are called
rational points'. On the number line below are shown +the rational

points between "3 and 4 which may be named by the fractions ..
with denominators 2, 3, 4, and 6.
&

v

Fs »w

‘ : . - '

- 3 Py - . o . / (: "

. Lo bt Vo o Lo L d B b b bt b ton L tan d ) .
< -3 -2 -1 0 | 2 ) 3 4$ ’

Figure 6-2 ; ' ‘

Consider two posdtive rationél nymbers r .and s, with
r < 8. Then consider what héppens when r and s are added

to each of these numbers, F.] ’ .
,oa v < * s R -
e e—I—> “adding r to r - .
< ; 3 N
-— f€~—S——>  dding s to r 5
‘ 0 ro4 res - g
. _%(i‘,s) oL - . \‘ ‘
. \ , ﬁ—L_H adding r to s N
<3 — ~ -
ey R v 2 —> oddmg s to Sy
- 0 ' s ” 2s
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You see that 2r < r + 8 £ 28, Taking half of each you get
r < §(r + 8) < s. It is not difficult to show that r 'K —(r+-s) <s,

even if r 1is negative or r and s are both negative., You mignt
é' try to prove this yourself -using the number lihe, 1if you wisit. The |

number §(r + s) 4s the average of the numbers r .and s. You have
observed, then, that the average of two rational numbers 1s between I
these numbers. On the number line what point do you suppose corre-
sponds -to the average of two numbers? It is the mid-point of the
segment determined by the'tWO numbers. If and s are ratidnal.
‘numbers, 1is %(r + é) a rationél number? What éroperties of the
rational riumber system tell us that it 1s? ) ’

To summarize-a The mid—point of the segment joining two rational

points on ﬁﬁﬁ number line is a rational point corresponding to the’

«

average of the two numbers, .
The mid-point of the segment Joining the pointf\for

and

=
wir+

1

is the point corresponding to the number~-f%, since

o 1, 1y 13,21 . . -
Co E(B"L?')T?'(B*B)’Q\%’i%' I
\ The mid-point of the segment Jjoining the points for % and %

isvthe'point corresponding to ﬁhe number lé%, since

.‘/’z(? 3 = 35+ &) - it | :

By finding the average in this manner it is poesible to find
rational numbers between each pair of consecutive numbers represent—
", ed in the row of fractions below.

) 01 11 1 12132311435 2 5 34 5 6°'7 1
. T B 7 8835717738 3572735837 7%G53 7 81

- o <
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Ir you found all the new fractions in this row which could be
found in this*way, there would be 43 fractions between % and \%.

This process could be continued 1ndef1n1te1y You could find points
between % and —6, between —6 and g, and so.on. You could

- t

find as many rational numbers as you wish between 0 and 1 by
taking averages, averages of averages, and so on indefinitely.

The discussion above suggests an important property of the
rational numbers. This 1is the 5roperty of density: Between any
two distinct rational numbers there is a third rational number.

On the. number line, this ‘means that the number of rational polnts
on any segment is unlimited; no matter how many points on a very
small segment have been named, it 13 possible~to name as many more
as you please. There is no next" rational 'point to the left

”

or right of a given rational point. . . '

Exercises 6-2

Are the integers dense? That is, 1S there always a third inte-
ger’betwesn any two integers? Illustrate your answer.

‘I there a smallest positive j.n‘ceger‘7 a largest?
Is £here a smallest negative integer? *a largest?

Is thgre a smallest positive rational number? a largest nega-
tive'rational number? ) ‘ 6

b

B

Think of the points for O and- T%ﬁ on -the number line. Name
the rational point P which 1is halfway between 0 and 156°
goint P and 0O; between-

1
the point P and 100 *

. In the same way, find three rational/numbers between %3 and
. 1 N
10 °
2
Think of the segment with end- pointﬁ —55~ and 1006 ° Show a
plan’ you could follow td name as many rational points as you
please‘on this segment Use your’plan to name at least five

points. . )

’ ’

/
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6-3 Decimal Represehtations For The' Ration#i Numbers

L It'is offén véry hélpfui to be able to express rational qpmbers'
as decimals.. When it is necessary'to compare two rationals ﬁhat
are very close together, converéipg to declimal form makes the com-
parison easier. The declmal form is particularly helpful”if there

. are severalgrational numbef%’to be arranged in order. For example,
consider the fractions %%,” %%, %, anq é% and their correspond-
ing decimals 0.52, 0.54%, 0.375, and 0.45, It is much easier to
order the numbers wheg ;hey are written in decimal form. "

Some rational ﬁumbeﬁs a;e easily writtenlin decimal form. You
know how to yrite, by inspection, ] : '
. 8 o
1

1 _ A0 1 _ 4 1 1 1
? - 0.5’ ‘E - 0.25, 8 - 00125’ 5 - 0.2’ 25 - 0.0“ ”
1

155 = 0.008, and also Al -85, s52=5.75, i = 1.75.

For other rational numbers, a decimal expression may not be as/
obvious but you can always obtain it by the usual process of division

For example ' . :

—

= 0.33333 ... C s

i

2.6666666 e

..

0:142857142857142857 ... . .

-

0.07692307692307 ...

0.09090909 ... S
’ v \ LR

- - 3

1 8.7857142857142 F. |

]

= . . ’ !
#3 Ei- B - oo -

%he‘examples that, have been discugsed seem to sSuggest that/r
the decimal‘expanéions for rational numbers elther terminate )
(¢fke 5 = 0.5) or repeat (1ike 3= 0.3333333 ...). What
would be ‘a reasonable way to study such decimal expansions? _Since

+ you have useé the division of numerator by denominator to obtain

s
-

.

\)‘ . * ’ . [ "’7
ERIC 8 231

IToxt Provided by ERI \
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a decimal representation, you might study caﬁéfully*the process
‘which you carry out in such cakes.® .

s+ Consider the rational ﬁhmber' g. If you carry out the
indicated division you would write )

.. .8 -
8)7.000 . I
6 4 ’ .
. > 50 remainder 6 . .
6 . :
o remainder %
ho
-0 remainder 0

In dividing by ’gﬁ the ohly remainders which can‘occur are O, 1,
2, 3, 4, 5, 6,-and 7. The only remainders “which did occur were 6/
at the first stage, then 4 and finally O. When the remainder O
octurs, the division is exact. Division is exact if after some )
stage the process of division continues tb prodhcé oniy zZero
remainders and zero quotients.-'Such a decimal is often spokKen of
as a terminating decimal. . N

* What about a rational number which does not have a terminating
decimal representation° Subpose you look at a particular example of
’ \ this kind, say IS The procgés of diviging 2 by 13i ppoceeds'

like this: . -
‘ . » K ° . ! Y
, 0.153846153 .
C 13)2.000000000 = )
. 13 i rema@inder :
- gou , 7
. i _2 i ,
4 . ’ 50 5
. 3 ~

2 . i N ’
110 . 11
208 | e Lo
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Here'the'possigie remainders are O, 1, 2, 3,‘4; 5 6, 7, 8, 9,
10, 11, 12. \§Ot all the remainders do appear, but 7, 5, 11, 6, 8,

°

2 occur fir

~

remainder 7 re-occurs and the seouence of remainders 7, 5, 11, 6,
8, é occurs again. In fact the process repeats itself again and
again. Tne corresgynding sequence of digits in the guotient .
—-1538ﬂ6--w1ll therefore occur periodically ;p the decimal expan-
sion for —3— This the of repeating ~decimal’ ;s sometimes referred
_to as a periodic decimal. ki\ ) . E .

In order to write such a peripdic dec1@al conclsely and w;thout

ambiguity it is customary to write
0.1538%61538461538461... as 0.I53876 ...

Tae bar (vinculum) over the digit sequence 153846 indicates the
set of digits which repedts. Similarly, 0.3333... is written as _
"0.3... . If it seems more conveﬂient.igu can write 0.3333... as

0.33... or 0.333..., and 0.I538%6... as 0.1538461538KE..

) The method which has been discussed is quite a general one“hnd °
it cah be applied to any rational number F’ If the indicated divi-
sion is performed then theaonly possible remainders which can occur
ere 0, 1,2, 3, ... (b -1). It is necessary to look only at the
stages which contribute to the digits that repeat in the quotient.

1These gtages usually occur after the zeros begin to repeat :in -the
dividend. If the remainder O occurs, the decimal expansion termi-

nates at this stage in the division process. Actually, a terminating.

decimal expansion like 0.25 as 0.25000 ... or 0.250 ..., may be
written with 2 repeated zero to provide a periodic expansion., Note
that a zero remainder may occur prior to this stage without termi-
nating tpe proceés, for example,

¢ 112.2 '
5)561.0 . ‘ .
’ 5 Remainder .
. 06 0 ..
° -—5- < o @ <
y 11 v 1 .
s 10 °
10 1 B .
10 . ’
. * 0 o* o v
\ N ° L

in this order At the next stage in the division the

-
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IC Q__does not occur as a remainderlafter Zeros are annexed to the
¢lvidend, -taen after at most “(b - 1) steps in the division proc-
ess one of the possible remainder; 12, ..., (b - 1) will reoccur '
and the;digit.sequence will start repgatin, t . ’
’ You can see from this argyéent that any rational number has a
declmal e;pansion which is périodic.

-

/j’ Exercises 6-3 ’ ¥

1. Find decimals for these rational numbers. Continue tne division
until the repeating begins, and write your ansver to at least

’ ten decimal places. N i
. ' 1k \\ )
() £ - () 57 - _
- 11 ) '
(2) # (2) 555
'3 i : . v
() 733 ~ I N @

_2. Wnich of the following convert to decimals that repeat zero °
,’(terminate) - ‘ C -

A
& s,
0 "

() 3 OIS
' (b) 1 ~ . 1 . b
3. 14 (n) ’§ . )
(e} 7 ' ) 1y,
(4) 5 FW & = :
, ) g " B q W 1 .
(f‘)" 1 .7 N ‘l ;
7 ® 2

3. Write in completely factored form the denominators of tnose .
" fractions that term"ated.ln Problem 2
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The Rational Number Correspondink To A Periodic Decimal

You saw how-to find by divisiqn the decimal expansion of a given
rational numoer. But suppose you have thg opposite situation, that\ (
is, you are given a periodic decimal, Does such a decimal in fact
represent a rational number? How can you find out? '

This problem can be approached by consiiering ‘an example.

Let us write the number 0. 132132132132 e, d/call it n, -
so that n.='0. 132132——5 . The periodic blpck of digits is
132, | If you multiply by lOOO this shifts the first block to the
left of the decimal&point and gives the relation
’ 1000n 132.132132‘5? .
- " Since n = 0.132132132 e

. ’ *

You can subtract n form each side of the first equation to Yyield

132 . so'that .
he Y

(-

= ;ﬁ_, or in simplest .form, -~
999. :

AP , 4 '
L}

.o You find by this process that 0.132132132T32 ... = 333

The example here illustrates a general procedure which mathenma-
ticlans have-developed to show that every periodic decimal repre-

sents a rational number. You see, thereforefrthat there is a
oneuto one correspondence vetweeh the set of rational numbers, and
the set of periodic decimals. It wouldﬁﬁz quite equivalent then for
us to define the rational numbers as the set of numbers represented
by. all such periodmc dec¢imals.

’
»

B o

‘e
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Before ya leave the subject of decimals there is one interesting
) faetia;out terminating decimals which will be discussged,
¥

\ - .

‘Saw, that rationals like -% = 0.5, 1 = Q,%, %? = 1.875,f,'
\ o, §

: lggé = 0.397, | %@? f 27.68 all are represented by terminating

'

decimais How can you determine when this will be- the .case? 1If,
for insplration, you look at the rationals of this type which have. .
’ bee/\diq%ussed there 1is ay obvious clue: The denominators seen to
have only the prime factors 2 or 5, or both. (See Problem 3 in
Exercises 6-3)
Consider a rational ‘number in which the denominator is a power

of” 2 such as 39 S =d
/. ‘ T . '
5 . 2 3
5" T
By multiplying by 1 = <y you can write
’ ' » w 5 . w .
4 "y ' -
39 39.5" _ 39.57 _ 32~°625 _ 24,375 _ %
oF TR F T ToF T 10,000 = 16,000 " 2"‘375°

Similarly if you have a rational number in which the denominator is
‘a power b 5,) you can_proceed as in the following example,

e | L | ‘
3133-—'$i =327 _3:32 _ 9%
h —’55 —55-25 - 105 ~ 100,000 ~ 0.00096. ~ e

. { — | R - : .
Quit e generally, if you Have any rational number with only powers
of 2 and povers of 5 i1n the denominator, you can use the-same

’

technique., For example, - 2 .

' . Co7 4 . : ]
g [ arer 52t L ara 57 _ 3791 5’ _ 3791.57.2",
205" (2T05%) . (s7.2%) . (2T.57).(5%.2%)  “107-100 }oﬂ ‘
and this gives a terminating decimal representation;

. \-——:——\/
\ [ . »
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In order to establish a general fact of this kind suppose you
ask the following question. What rational number 2 (p and aq

assumed to have only 1, as. a common factor) can/be represented

\\ Suppose . U ‘ -
‘ p__N.
1 1o

by . -—E where N 1is an 1nteger? T
. O . '

i Therefore qQ'N = p-lOk

This says that q divides the product of p and 10 But
you assumed that p gnd q: have only 1 as a common factor.
Hence q must divide 10k But the only possible factors of
10k = 2k,.5k are multiples of powers of 2 and powers of, 5. .

‘Thus you have proved that a rational number r has a terminat-
ing decimal representation if and only if the denominator of r
consists only of products of powers of 2 and.powers of 5, that
is, r must be of the form .

- * v l

L _ A ) . - ”
. T oM. gh

" Exercise 6-1

i. Express each of the fokiog;ng as a"decimal. ' -
. (@) 10 x 0.9999 ... ) o (d) 1, 000 X 0. 613&53E3
(b) 100 3‘3.12T§ ST (e) 1o,ooo X 6.01230123 ,
{ (c) "0 X 0.00MHT .. "‘ o ) - :
‘_, -\ . .\ .
- ™~
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2. Subtract in each/ of the following. )

(a) * 3128. 99_9_ i g . (e) 1.,233337 ...
312.8 . 0.123337F ...

(b) 9.99 ...  _ ~ (r) 3545457 ...

(¢) . 162.162T52.... (g) 27075.07507 .
0.162162 ... T 27.075075 . m-

/ [} N —

(d) 301.01010T ... (n)  B16.47777 ...
"3.010101 ... 41.68777 ...

3. Write each of the follawing in the form %5 where at and b

are counting nqueps/;Q\
1 .
> 411 Y, 16.3 1.08
(2) = (o) gg= - (e) 455 .

4, The first step in writing a rational number in decimal form as
a fraction is to choose the power of 10 by which the original
decimal number should be multiplied. For each of the following
numbers N gind the smallest number of the form 10¥ (10, 100,
1000, ete.) so that (10X. N)- N 1is a termina};ng dec¢imal.

. Show this to be true. .
: , Example: N = *1,3243% ,,,
' J
100N =132,42427 ., .
N = 1.3242%F ,,, :
\ I00N-N =I31.10000 ...
_{a) 0.555 ... - (e) 163.177 .,.
(b) 0.7373 ... ' (-7f) 672.4282 |, ‘
(¢) -0.901%0T ... . - (g) 0.123456%6 ...

* {d) 3.02337 .. © (h) ,3.42000 ...

/ : f
- A '

. . . "
L] . .
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5. What rational numbers have these decimal expressions?

(a) 0.0909 ..
- (b)\ 0.1117 ...
(¢) 0.0555 ...
(d) 0.123T27 .

' (e)
()
' (g)

.0.1625 _

0.1666 ... s
5.1251%5 ...

(n) 10.045%5 ... '

6. Write each denominator of the following numbers in completelz.
factored form.

‘a) 5 (e) 32
(o), 2 . (8) 5 :
(@) =3 i | D s
7. Which of the numbers in Problem 2 have”decimals which repeat
" zero? ¢

*

8. Assuming the a to have the value one (1) in the rational
number %, what numbers between 63 and 101 may be b and
& - glve a terminating decimal expression for %-? . .

A )

. - *
N

6-5 Rational Points on the Number Line :

.

.

If you think of the rational numbers as specified_by decimal
representations, you can see immediately how to glocate and how to
orde} the corresponding points on the number line. .n

Consider for example the rational number 2.3961% ... and its
The digit 2 in the units place tells
P lies
Graphically

place on the number line.
us, immediately that thé corresponding rational point
between the integers 2 and 3_ on the number line.
then the first rough picture is ‘this:

~

* P
» L L V
I 0 ] 2

-

1

1
3 4 5

N
-~
u;
®
o

2
(R}
(a5
it
»
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A more precise description is obtained by looking at the first two
digits 2.3 which tell us. immediately that P lies between 2.3

‘and 2.4, On the interval frgm 2; to 3, then, divided intd tenths
'(and magnified ten times for easy comparison) P 1s found as shown

below ‘ \

,._j'h [ . - -~
TP

Vi 1 1 1 [ I

1 1 1 1 1.
20 23 ‘24 25 . i 13.0

If you continue the process of successively refining the loca-
tion of Pf on the number line you will have a picture such as the

following
P (2.3...)
p (2:39
P (2.396...)
» * ( \\
. _ sl U I 1 ] 1 ! 1 Y
P (2.3961...)} . - 2.39%074‘ ——___ N 2.3970
/ - \\\\
* /‘ -i \\\\-“ . .,
¢ 1° 1 1V 1 - AT~
P (2.39614,..) 2.39610 2.39620

Lbcation'ég point P corresponding to 2.3961F ...

i
.

s *

. From .such a decimgl repgé§entation for a raticnal number you
can- easily find how to logatevthe number to any desired degree of
accuracy on the number ltne.ziv

-

RN
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Moreéver, given any two distirict rational numbers in this form
At 1s a simple‘matter to tell by inspection which is larger and
which is smaller, and which precedes the other on the number line.

If you think of locating the point <% carefully on the number

line would you prefer to use %. or 0.F28571 ...? If you wish to
compare % with another rational, which form is easier to use, 3

7
or 0.728571 ...?’ l '

Exercises 6-5 ) ' .

1. Arrange each group of decimals in the order in which the points
to which they correspond would ogcur on the number line. List
first .the point farthest to the left.

“(a) 1.379 - 1.493 1.385 5.468 1.372 )
(v) "9.126 ' "2.755  "2.761  ~5.630 ')2.763 s
(¢) 0.15475 0.15467 0.15%63 0.15475 0.15598
2. ';n Prébj‘m.(ic), which points 14e on the féllowing segménts:
a)(,The Segmeﬂt with endpoints 1 and 27

- (b) Tnhe segment with endpoints O and 1°?

d) 'The segment with endpoints 0.15 and 0.167

™.

(

( _

(¢) The segment with endpoints 0.1 and 0.2? . o N
(

(e) The segment with endpoints 0.15% and 0.155?

4

3. Dfaw a 10 centimeter segment; label the endpoints O and 1,
and divide the segment 1nto tenths. Mark and label the follow-
ing pointss:

(a) 0.23 (b) oO. u9 (¢) 0.80 (d) 0.6 (e): 0.08 (f) 0.95

~

b, Arrange each group of raticnal numbers in order of increasing

size by first expressing then in decimal form, ﬁﬁﬁh
Coh 3 oh 17 4 . '
(a) :;, © 10 '%‘6 * (c)~ §7‘: ,.:g
2 7 .67 LA 182 - b1 C
®) 3 16 100 ° BECRE S
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6-6 Irrational Numoers - . o R :

You here'learned ﬁ%ni things about rational numbers. dhe of
the most important is the/density property; between any two distinct ¢ .
rational'numbers on the number line there is a third rational number.
This tells us that there are mény rational «uumbers and rational .
points - very many of them. Moreover, they are spread tnroughout
the number 1ine. Any segment; no matter how small, contains . ¢
infinitely many rational points. One might' think that all the
points on the number line are rational points. Let us iocate a
certain point on the number line by a very sjmple compass and -
straight edge constructfon. Perhaps this. point w111 have a surprise
for us. ‘ : ] '
a. Construct a numberlline_éngmcglg_1tw4éaj' Let A Dbe the
. point zero and B e the point one,

o

. At B, construct a ray m perpendicular to AN

. On m construct a line segment BC' one unit long. -

“:u

d. Draw segment AC.

e. With A as center and radius AC,‘draw a circular arc .
_which intersects £ . Call the point-of intersection D.

’ X ]
. Figure 6-3.. ~He
Now consider two’ questions' » e }

(1) To what number (if any) does point D -correspond? ¢
. . ol t
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Consider the first&questﬁon, "To what number does point D
correspond?” First find the length of #C, since AC and ,ED
have the same length. The unig of measure used will be the unit
distance on the number line. 1In Figure 6-3, triangle ABC. is a
right triangle The measure of AB 1is 1. Thelmeasure of EE is

l. You can use the Pythagorean property to find AC.. ) _-u@ ro
y .
- 20%= 2 4 g ’ .
[ . . . . Ve .
: \ . " oacf =12 i L ’
’ . SR | o

jThe positive number whose square is 2 1is defined as the sguarg *‘:,
root of 2 and is written V2. : :
Thus, o a

3 AC = V2, so ’, <
AD = V2. C.

<t
Therefore, ‘the